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INTRODUCTION

The analysis of electromagnetic fields in uniform media reduces to the solution of the vector
Helmholtz equation. This equation is a vector partial differential equation of the form
V xV x A - k*A =0, and generally leads to coupled equations for the field components, but it can
be separated in the spherical and cylindrical coordinate systems.' For cylindrical coordmatcs
detailed treatments can be found for localized sources in the presence of a layered cylinder,? and
for localized sources out31de a perfectly conducting wedge,’ as well as less detailed treatments of
the conducting wedge.® > In the present work, a detailed analysis is given for the electromagnetic
fields inside and outside a uniform sphere immersed in a uniform medium, in the presence of a
localized source either interior or exterior to the sphere.

The solution is given in terms of a vector spherical harmonic expansion, with expansion
coefficients for the scattered fields expressed in terms of the coefficients apPropn'ate to the source
distribution. The source is treated using a clever technique due to Jackson.” A separate treatment
of the case of a perfectly conducting sphere also is included.

For explicit results, the source is taken to be a magnetic or current dipole. Without loss of
gererality, the dipoles are placed on the z-axis, and oriented radially or tangentially to the sphere,
which is centered on the origin. Detailed expressions are given for the electric and magnetic field
components, both interior and exterior to the sphere, for both interior and exterior dipoles. These
expressions are relatively simple, and do not mvolve any recursion formulas for the coefficients,
contrary to what has been reported elsewhere.” For completeness, the dc limits of the expressions
also are given. This is useful for direct applications, to provide more transparent forms to check
for physical consistency of the field expressions, and to provide a numerical check against the codes
for the fields in the low-frequency limit.

Numerical codes written in Hewlett-Packard BASIC, Version 3.0, are given for both the ac
and dc field expressions for the single case of exterior dipole and field point. The bulk of the code
given, in particular the geometrical transformations and the Bessel function and Legendre
polynomial routines, is applicable to the other three cases. The numerical treatment of the sphencal
Bessel functions incorporates several representations found in Abramowitz and Stegun.®

BACKGROUND

For a time-harmonic source e, Maxwell’s equations for a uniform medium take the form

VxE=iwB (1)
VxB=p(6—ine)E+VxM+J) =) (2)
V. (€E)=p 3)

V.B=0 4)
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where o, €, and | are the medium conductivity, permittivity, and permeability, r._pectivcly,
and M; and J; are source magnetization and current density. The sources are included in a general
way, but will be specialized to point magnetic and current dipoles for explicit calculations.

The equation of continuity is
VeJ—-iwp=0

that, upon substitution of Equations (2) and (3), can be written

V-(E+ Jf ):0.
G—100E

With the introduction of the divergenceless vector

Js

E'=E+ -
C—imE

that is identical to E in a source-free region, Equations (1) and (2) can be written

VxJs
O —IME

VXE =ioB+

and
VxB=p((c-ine)E’ +V xM).
With the introduction of the complex wave number

k* = p(ioc — ')

\Y)
VxE’=iu{B+—iJ—s]
k2

K.,
VxB-;)E +uV x M;.

Equations (8) and (9) can be written

and

®)

(6)

)

@)

&)

(10)

(11)

(12)

Applying the vector identity VxV x A =V(V + A)— V?A to Equations (11) and (12) then

results in the vector equations with sources given by

VxVx
(V2 +k)E = —i(ou(—;—'lﬁ+ V x MJ
k

-

(13)
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and
(V24 k5B = —u(V x V x Mg + V x J,). (14)

In a source free region, the fields E” and B, satisfying the associated homogeneous forms of
Equations (13) and (14), can be expanded in terms of transverse electric and transverse magnetic
parts in the form

E'=Vx(r¥p)+aVxVx(¥,) (15)
and

B=Vx(r¥,)+pVxVx(r¥;) (16)
where r is the radius vector, provided that ¥ and ¥, satisfy the scalar Helmholtz equation
V¥, + k¥, =0 (17)
and
VY, + k¥, =0. (18)

This may be verified by applying the operator V x V x (- --) to Equations (15) and (16) in source free
regions, and applying the appropriate vector identities.

The coefficients o and B can be determined by inserting Equations (15) and (16) in Equation
(11) in a source free region and using the identity

VxVx(r‘{’)=k2r‘I’+V[‘P+r%—\f—) (19)
to give the result
i i
=3 and P=-z (20)

Equation (19) is a nontrivial identity, and is developed in detail below Equation (69) and preceding
discussion).

The vectors E’ and B can be determined from the projections r « E”and r « B, as can be seen
by constructing the projections using Equations (15) and (16), applying Equation (19) and the
identity r « (V¥ xr) =0. This results in

,_lo d ¥
r-E =?[k2r2TM+r§_-(TM+r—a—:)] (21)
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anl

re B=~ia.{k2r2?’£+r§;(‘PE+r%£)]. (22)

This shows that the projectionsr « E’and r B determine ¥,,, and ¥, respectively, and consequently
determine E’ and B via Equations (15) and (16).

The projections r + E” and r « B can be determined everywhere by means of the identities
re (V+EOE = (V2 +£)(r + E) (23)
and
re (V+i)B=(V:+k)(r+B) (24)

together with Equations (13) and (14). These together give the inhomogeneous scalar Helmholtz
equations

(V:+k)(r+E)=r+S;=p; (25)
and
(V+k)(r+B)=r-S,=p, (26)
where p; and pg are given by
pE=—imur-(—v:—l-CV—2—x£+VstJ 27)
and
pp=—Hr+ (VxVxM;+Vx]J). (28)

ANGULAR MOMENTUM OPERATOR AND
VECTOR SPHERICAL HARMONICS

The subsequent introduction of spherical boundaries near a localized source distribution is
greatly facilitated by the introduction of the angular momentum operator

L=-irxV (29)
and the normalized vector spherical harmonics

1
X =———==—=LY,,(6,0).
l,m(e) ¢) l(l r 1) l,m( r¢) (30)
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By simple manipulation using the identity Vx(r¥)=-rxV¥+¥V xr=-rx V¥,

Equations (15) and (16) can be written
E = —iL¥, +—
==l E + P V X L‘PM
and

€39

(32)

Since ¥y and g are solutions to the scalar Helmholtz equation, they can be expanded in

spherical coordinate eigenfunctions of the form
‘Pl,m =ﬁ(kr)Y,'m(9,¢)

where f; is a spherical Bessel function satisfying the differential equation

&% , 24 (kz_l(l-iz-l))/FO

dr? r dr r
and the Y, ,, are spherical harmonics satisfying, in particular,

LY, =11+1)Y,,.

Now note the following series of substitutions resulting in a very useful identity:

LU(kr )Y, u(@,0)) = ~ir x VI(kr)Y, (8, )]
= =it X[Y, (8, OV, fi(kr) + fikr)Vo, ¥, (6,0)]
=~ir X [f(kr)Vg Y, ,(0,0)] = fitkr) [-ir x VY, (8,9)]
= fLY, n(©,0) = VIT+ D fi(kr)X, (8, 0).

If the scalar functions are written as the expansions

E

At m
Y22 O

and

=i3% F‘“z(z 8ikr)Y, 0 (6,0)

(33)

(34)

(35)

(36)

37

(38)
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then these may be substituted into Equations (31), (32), and (36) to sive

= zgo :g: {az /i Xim +2 X al mv x[g,X, m]} (39
and
lio rnz:—l{ al mg le m afmv x [f;xl,m]}' (40)

These forms will be used outside of the source region for both the primary fields due to the
source, and the scattered fields due to spherical surfaces. The primary fields will be developed first.
Then, in a subsequent section, the scattered fields will be developed by applying the appropriate
boundary conditions, and utilizing various orthogonality properties of the vector spherical
harmonics.

GREEN FUNCTION FOR THE PRIMARY FIELDS

For a localized source and no boundaries, the solutions to Equations (25) and (26) can be
expressed in terms of a Green function by means of Green’s theorem:

fd’r'{G (r—-r)YV*+kHF @) -F @) (V*+ k)G (r-r)} =0. (41)

With G and F satisfying

(V?+E)G(r,r)=-3(r-r) (42)
and
(VZ+EF (r') = p(r) (43)
Equation (41) reduces to
F(r)= fd’r'G (r-r)p(r). (44)
As shown in a number of texts, such as Jackson,’ the free field Green function is given by
eiklr—ﬂ
G(r-r)= yr (45)
and has the expansion in spherical coordinate eigenfunctions given by
Gr-r)=ik T jkronOkr) :2_" Y, (@,0)Y,,.©6,0) (46)

where j, and h{" are spherical Bessel functions of the first and third kind, respectively, and
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r<'>=r,r </>r’ r’ otherwise. (47)

EXPANSION COEFFICIENTS FOR THE PRIMARY FIELDS

The primary fields outside the source region have the forms given in Equations (39) and (40).
The expansion coefficients can be determined by evaluating r « E’and r « B. First note that

rX,,=0 (48)
and
re Vf(r)xX, ,=X,, - rxVf(r)=0. 49)
This leads to the identity
£+ VX [KNX, ] =fkr)r s VXX, = fikr)r xV X, . (50)
ifkr) _,
=ifikr)L X, = LY, =ifkrNI+1)Y, .
fikr)L « X, e filkrNI+1)Y,
Thus the primary field expansion coefficients are given simply by
S m=l
reEf= ';%zﬁv‘o VIT+Dgkr) T a2V, (51)
and
(5<.

B =L S NITEDRRn 'S oEY,,.
MWi=0 m=- '

When Equations (43) and (44) are applied to Equations (25) and (26), and the expansion
Equation (46) is used, expansions are obtained forr « E” and r « B’. Then, Equation (51) becomes

- m=l{
—%l);',oxll (+1) g,(kr)m};‘,_l alw’ Y, m(6,0) (53)

i

ik 73 1,.0.0) [ dp@iter IOwr I, 0,6),

For r < r’ for any source point, fi(kr) = g,(kr) = j(kr) and this can be used together with the
orthonormality of the spherical harmonics Y, ,, to convert Equation (53) to

.3
T P A ) (54)

Gm =T NIG+ 1)
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A similiar treatment of r « Bf gives

o = s [ PO, @ 0, 65)

For points 7 > r’ for any source point, A{(kr") is replaced by j,(kr’) in Equations (54) and (55).

APPLICATION TO A SPHERE WITH AN EXTERNAL SOURCE

For points interior to the sphere and exterior points outside the source, the fields have
expansions of the forms given in Equations (39) and (40). In particular, these forms hold for all
points on the surface of the sphere, and will be useful in imposing boundary conditions. The interior
fields will be designated with a 1 superscript, and the exterior scattered fields have a 2 superscript.
To be regular at the origin, the interior fields have the form

o e Ea M1 ,
120 Z_l{az whitkir)X, .+ al,n'l V x [ (k,r )Xx,..]} (56)
m 1
and
B'=3 §{a,“.’;‘j,(klr>x,,,.-(‘,4)af;.'vxmklr)x,,ml} (57)

while the exterior scattered fields are expressed in terms of outgoing waves and have the form

IZOM)_:{ ’h‘“(lczr>x,,,+-k3a, m VX DX, ,.1} (58)
and
2 i g_ll{a,"",',zh,(l)(klr)x,,,—aa, 2V x [h(k,r)X, m]} (59)

and, just outside the sphere surface, the primary fields have the form

lio ”';‘ {af : IA(9) + I(Q PV x [j(k,r)X, m]} (60)
and
i i { J:(ka")xz m PV x[jk,r)X, m]} (61)
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BOUNDARY CONDITIONS

The boundary conditions are continuity of the tangential E and tangential H fields at the

surface of the sphere. If R is the radius of the sphere, then the boundary conditions can be expressed
as

RxE'=Rx(E*+E") (62)

and
LrxB =LRx@+B (63)
Ky 173

To apply the boundary conditions in Equations (62) and (63) it is necessary to develop a rather
complex identity. First, note that

rxVx[f(r)X, J=r x[flrrzr xX, . +fr)Vx X,',,,]. (64)

The first term on the right-hand side of Equation (64) has the form

£ X, L0 K, =1 F K, (65)

thatis, itis proportional to X, ,.. Next, it will be demonstrated that the second term on the right-hand
side of Equation (64) also is proportional to X ,,.
First, note that by a standard identity
Vx(rxV)F =rV*F —(V + r)VF +(VF « V)r-(r « V)VF. (66)

The second term on the right-hand side of Equation (66) is just ~3VF. For the third term on the
right-hand side of Equation (66)

(VF « V)r=0,For;=0,Fd, ;=9d;F =VF (67)
and, the fourth term on the right-hand side of Equation (66) is
~(r + V)VF =—r,d0,F =-r0,0F (68)
=—(0;r; -9, ;)0,F =VF =V(r « VF),
Applying these results to Equation (66) produces the identity

Vx(rxV)F =rV2F—V(F +r3—f). (69)
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This result can be applied directly to VxX, .:

1 i
VxX, ,=—=——=VXxLY,  =———==Vx(rx V)Y, 70
b NI+ 1) SN TI (rx VY, (70)

i 2y 2 )
= \/7(1—+1_)[ rv’y, . V(l +re JY,,,,].

but,
2
V=Y = Dy (71)
r r
s,
il(l+1) i
VxX,, = rY, , +———VY, 72
1, 2 1, +D) 1, (72)
and
i
rxVxX, =———rxVY,, ==X . 73
i, l(l + 1) i, 1, ( )
With all the foregoing, Equation (64) reduces (for spherical Bessel functions f(kr)) to
rxVx[fikr)X, ) =—{fi(kr)+kr j’,(kr)]X,,,,,. (74)

Application of the boundary conditions Equations (62) and (63), using the expansions
Equations (56) through (61), and the identity Equation (74) gives
apn jikiR) _ alu’hi"(kR) _aln jilkR)

K 7 K2

[ KR+ ERIGR)} _ ari (N R) + kR R)Y
' 0L, O,
agm UilkaR) + kR j (kR )}

- prery X, .}=0

55 {[ ]Rxx,,,. as)
1=0m=-

and

10
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3 'S {1aELi0R) - a0 0oR) ~ B (R)R XX, , 76)
g aR) +kRIGR)Y a2 (R) + kR AP (R)}
k2 k?

_ a5 UileR) + kR R)}
ki

—im[

X, .} =0.

The vector spherical harmonics satisfy several ortho 6gona11ty and normalization conditions
which are useful in determining the expansion coefficients

X; %X, =0 g
fdgx,‘,,,,, * Xin =8 O m (78)

and
fdn(r xX; ) (0 %X, ,) (79)

= IdQ[(r °r) (X;,,l X, )—(re X ) (T ¢ X, ]
=r 281'.18m',m
where the integration is over all solid angles, and J; ; is the Kronecker delta. If Equations (75) and

(76) are scalar multiplied by X}. - or R x X}, .- and the solid angle integral performed, Equation (77)
through (79) may be applied to give

apmJikiR) =1 (R = a), ji(kR) (80)
apm Lik,R) + kiR j (kR)] = a5 Th((kR ) + kR B (k,R)) @81)
=Ya/p Li(R)+ kR ji(R)]
aimifkiR) - a R (R) = a5 ji(kR ) (82)
and
apn ik R) + kR j ik RY1 - 1, TR + kR A V(,R)] (83)
= i(R) + kR (k,R)]

where T = /), and ¥ = kZ/kZ.

11
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Using the Wronskian {j,(u), h{"(u)} = i/u?, introduce the determinants of coefficients

= h™u) o) + 1, )] = i) [00) + k(1)) (84)
and
Dy, = thi™(w) L) + wy (ay)] = Wi ay) [RO(0t) + wh ) (85)
and the expressions
N,y = () Liay) + ] ()] + %joty) L) + ()] (86)
and
Ny, =~ 005) Uiaag) + 1] ()] 07,00, [iot) + 1] )1 (87)

where u, =k,R andu, =k,R. Then, the solutions for the expansion coefficients, valid for any
localized exterior source distribution that does not include the sphere surface, are given by

E.1 it gr
a,, =————=a 88
b WD, . (88)
N
G =D O (89)
M1 Y me
altl = —————g"" (90
! WDyt b )
and
N,
ot =gt 1)

ELECTRIC AND MAGNETIC FIELDS FOR A
PERFECTLY CONDUCTING SPHERE

For a highly conducting sphere, the numerical results using the coefficient representations in
Equations (84) through (91) may be unreliable. In this case itis best to treat the sphere as a perfect
conductor. Then, the coefficients may be determined by means of the single boundary condition
Equation (62)

Rx(E+E)=0 (92)

at the surface of the sphere. Applying the expansions Equations (58) and (60), and the identity
Equation (74), and dropping the 2 subscript/superscript for the exterior region, Equation (92)
becomes

12
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pop> S -——{ oA (R) + KRAPUR)] + a5 Li(kR) + kR j (kR)T}X, 93)

{a; h kR)+al j(kR)IR xX, ] =0.

Again, the properties of the vector spherical harmonics are used in Equations (77) through (79),
and the resulting equations solved to give

M _ NM.I M,P

al,m - b-;l:al,m (94)
and
N,
af, =—=at! (95)

again valid for any localized exterior source distribution not containing the sphere surface, where
now,

Ny, ==UikR) +kRj (kR)] (96)
Dy, =h{(kR)+ kRA{"(kR) (97)
Ng,=-j(kR) 98)
and
Dg,=h{(kR). (99)

SPECIALIZATION TO DIPOLE SOURCES

Explicit solutions will be constructed for current and magnetic dipole sources. For these, the
current density and magnetization take the form

Js(r)=pd(r -R,) (100)
and

M;(r) = md(r - R,). (101)

The current dipole moment p can be specified directly for a dipole source shorted to the
medium, and has a non-zero value at dc. To represent an insulated dipole that couples only through
the displacement current, p should be written p = iwp’, where p’ is the 2lertric dipole moment.

For V(r') = vd(r’ — R,), with v a constant vector, the following identities are valid:

13
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V' xV =—v x V'8( -Ry) (102)
V' x V' xV =-vyVZ3(r’ =Ry + (v + VIV'3(r' - R,) (103)
[ar°F e, 156 -R) =~V Ry (104)
fdr’sF(r,r')V'zﬁ(r’—Ro) = V2F(r,R,) (105)
and
fdr”F(r )V @ V(' ~Ry) =V, ®V,F(r,R,). (106)

If Equations (100) and (101) are substituted in Equations (54) and (55) and Equations (102)
through (106) applied, the resulting source expansion cocffic:lents, separated according to source

type, are (again, for an exterior source distribution, < r’ for any source point near enough to the
sphere surface)

3
= ?,—?f—;l—moxp) Volh (R, (8,00 (107)

aM = 312%2:1—{"22 Ry * p)h,( 1)(k¢Ro)Y£ (B0, 90) (108)

+p e Vu[ (90,%) {Roh 1)(szo)}]}

0) »
ain" = «IIZTEQT) {k;R, * M)A (kR )Y, (85, 0) (109)

+m - Va[ Y, (®0, ¢O)B%O{Roh,‘”<k2ko)}]}
and

M.MD k3,

%n =TGED Ry xm) * Vo[ (k,R )Y, 0)]. (110)

There are two cases for both types of dipole, radial and tangential. For the radial case

E,CD,R O

al*n (111)

14
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M,CD.R _ _ PRK& 1, 2,0 1 )
Qm = oy \/ﬁl-l»_l)[k? (kRo) + RodR? —5 {RA (R} Y, (B, 0o) (112)

EMDR _ mQR kU,

2 (1)
1,m l(l+1) [k2 (kQRO)

R dRo {Roh,(l)(kQRo)}:lY, m(B0s 00) (113)

and

alPk = 0. (114)

Without loss of generality, the tangential dipole can be taken to have only a © component.
Then Equations (107) through (110) become

E.CD.T _ Pk, d

G = e R aq)OY,‘,,.(eo,a»,) (115)
T =T j;(%) 2 RHOUER Y, (B ) a16)
O = e RAP R, 000 (117)
and
a,‘f’.'.“‘”=—\/‘;’(% iR oo LY, @b (118)

To proceed further, it is useful to list some explicit results for the spherical harmonics and
related functions:

Y, .(0,0)= \/ %g ;:;iP,’"(cos )e ™", (119)
Pl(cos®) o sinf"@ , 60 , |m|21 (120)
P;™(cos0) = (~ 1)'"2 ;‘P (cos®) (121)
and
:ep (cos8) = —(I +m) (I —m + 1)P]""}(cos 8) + m cot 8P"(cos 6). (122)

15
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Again without loss of generality, the dipole may be taken to be on the z-axis: 6, — 0*. Then,
application of Equations (119) and (120) to Equations (112) and (113) shows that the source
coefficients for the radial dipole vanish unless m = 0, while application of Equations (119) through
(122) to Equations (115) through (118) shows that the source coefficients for the tangential dipole
vanish unless m =%£1.

Before writing down the final results for the source coefficients, it is useful to list some
special limits:

P)1)=1 (123)
Py =24 - ) (124)
sin6PJ(cos)| = 1(1; D (125)
and
sin 6P;"(cos e)|e_’o*=-%. (126)

These can be used to simplify the dipole source coefficients. For points r < R, the explicit forms
are

a Pt =0 (127

alMo,CD,R _ pkl, [ QI+ DI+ l)h,(l)(kQRo) (128)
' R, 4n

agy"" = 'm\[ @+ 1d+1) O (R,) (129)

' R, 4z
a/g"*f =0 (130)

opk,  [20+1
a5 = afi T ===\ T Ry (131)
_pk, [21+1 ,
a2 =F A TR R + kR Ry (132)
0
_iomky, [21+1 .

an>" = F =\ T TR + R (R, (133)

16
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and

. 3
i
MMD,T _ MMD,T _ m];’l“? 2[+1 EO%,R,). (134)

Q. " =a, an
For r > Ry, h{"(k,R,) is replaced by ji(k,R,) in Equations (127) through (134).

EXPRESSIONS FOR THE SCATTERED FIELDS
FOR AN EXTERNAL DIPOLE

The scattered fields are determined by combining Equations (127) through (134), Equations
(84) through (91) and Equations (56) through (59) with m suitably restricted. In the manipulation
of X, ,and X ,, some useful relationships are

2cosOP] —sin®0P? = I(I + 1)P] (135)

and

1
i
sin’0

+2co0s0P} —sin’0P; = I(I + 1)P;. (136)
These appear in in the construction of the radial components of the fields, and are a consequence
of Equation (50).

In the final presentation of the field expressions, only the Legendre polynomials P, = P, and
their first derivatives will appear by virtue of the relations

P} : . :
ﬁ:—P, and P}sin®=I(+1)P,~cos6P, (137)

and the Bessel function derivative will be eliminated via the relation

f@)+ufiu) =1+ Dfu)—uf,, @) (138)
MAGNETIC DIPOLE
Radial
(Interior)
E!=0 (139)
El=0 (140)

17
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iomy, sinf = L1 :
Bl A U kA R

m o 1 :
B, = 4TCR,:;3r 1§0DE ,(21 + DI+ 1) kyr )hl(l)(kQRO)P f

my, sin 6

1—-_
By = 4nR,Rr

530<21 +1) ,—)l—w + 1)jilkyr) ~ ki i ()Y ROP,
= E,l

1
B!=0

(Exterior)

E*=0

E}=0

, omiLk,sin® = Nei oo ) :
et aCAC i — kR)P
E; IR, 1§0(21+1) D“h, (ko7 )by (kR O)P

, impk, = N, m
=Y QRI+DI{+1)—h h P
B, 4Ry 1§0( i )DE,I ) (kyr Jhy (ko) Py

_imikysin @ 5+ 1)?[(1 + DEP0r) ~kor by I (RP
= E|

6 ATRy 1

2
B2=0

Tangential
(Interior)

1

r 4nRr

. in O si - ;
_fompsinfsing & oy 4 1)51—1,(k,r>h,‘”(szo>Pz
=1 M,

, _iompsing = 21+1) -1

= amRRr 10+ 1) D, D DA (kR = kR (RRNP

"51—[(1 + 1)jtkyr) = ky7 ji o (kP IRA (R o) (11 + 1)P, — cos 6P 1}
M,

18

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)

(149)

(150)

(151)

(152)
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L iomy, cos¢ = (21+1)

)
* =TT aRRr 10+ 1) DM, R UeRo) (L + Vi) =k (P (153)

+31—rj,(k,r) [+ DAO(KR,) = RA®D, (kR )I I(! + 1)P, - cos 6P 1}
E,!l

myl, sinBcosd =

gy @D 3;[(1 + DR ~ kRoh )\ (R ity P (154)

. my, cosd = (21+1) 1
® T ArRRr 1l +1) DM

Roklfz(k r)h l)(k'zRo)Pz (155)

+DL [ + 1)j,(k,r) = kyrjy o ()T IA + DRDER) — R, (R 1 + 1)P, — cos 6P 1}
E,l

mulsm¢ = (2I+1) 1

1_ ()]

B, = anRRr 10+ DM Roklj,(k rh (KR, [+ 1)P, —cosOP] (156)
+Di [ + 1)jilkyr) = Ky i Gr DT + DA KR,) — kRok ) (R )IP )
E,l
(Exterior)
_ omjk,sin@sing & NM,, M M ,

Emm——p S+ Dp kD RP, (157)

__ompksing = 21+1) ) ) ) ;
=iy 0+ DE, Lrh®0er) [+ DEOER,) = kR RIP, (158)

*%i [+ DA er) = kr b (o IR (o) [ + 1)P, — cos OP 1}
M, .

, omLk,cosd = (21+1)

1) ) _ ) .
=Ry S0+ DM, Roby "(kaRo) [(1 + Dby (kyr) = kor by (ko )IP (159)

2"; *rh{e,r) [+ DGR, = kR A (R [IU + 1)P, - cos 6P ]}
{

- ‘mmkziz‘ecc’w S @+ ’;"’ Ber) [0 + DAOUR,) — kRAL RIIP, (160)
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B2 impk,cosd = (21+1)
°T  4mRy =l +1) DM,

*rR e VR )P, (161)

+5;[(1 + DO kr) = kyr b ()] [T + 1AV (R, = kRS (R [1(I + 1)P, — cos 6P 1}

2 imiLk,sing & (2l+1) Ny, . . _
Be=4mry Z10+1) ‘D, rR:h Ger Yoy (eRo) (10 + 1)P, = cos 6P ] (162)

N .
45 [0+ DPer) ~lar b Gar DL + DA R = Rk (R oIP )

CURRENT DIPOLE
Radial
(Interior)
ool = |
E == 2;](311)?';"‘2’01)”1(21 + DI + 1)) (k7 (kR )P, (163)
. 0 - 1 ,
0= %%1_ 2 21+ D) =10+ Vi) =kt b W UROP, (164)
2 ’
El=0 (165)
B'=0 (166)
B!=0 (167)
0= .
B =P R S 0 i ROF, ae8)
(Exterior)
() = Ny
= iy Do @1+ DI+ DR R P, (169)
() 0 - .
E2= f n‘z:“ T (l+ )5;[0 + DA ) — lor b (e IR UeR)P, (170)
E}=0 171)

20
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B,2=0 (172)
B2=0 (173)
By= ,_p;szs e‘,E @+ M'h,(‘)(k2 P URIP (174)
-
Tangential
(Interior)
1o “"”2 ‘;:‘;;‘fs"’ 5+ 1)—;,(1: PYL( + DAV RR) ~ kaRoh (21U RIP (175)
1 iopy,cosd = \21+1) )
* 7 AnkZRRr =110 +1) DEI TR R P, e
’1% [+ 1)ji k) = ko7 iy GV + DR = kR (R [ + 1)P, — cos 6P 1}
- iop,sing = (21+1) o) -
e P FS) Ds ROI(QJ,(k NhOR) 11+ 1)P, - cos6P ] (177)
‘%.,, [ + 1jilesr) = kgt (P [ + DGR, — kR (R}
; _PysinBsing S+l PO P 178
——m— ( )""‘Jz( 1Py (kRO)P (178)
p=Ehne 5 G, D)+ DHPUER) ~RAL ROV (79)
*E;[(z + 1)jikyr) = Ky fy o (T IR oA (Ro) (11 + 1)P, — cos 6P ]}
gy =Ee® § OIE D (L g pOaR ) (0+1jilkr) ki ter WP, (180

4rRRr i=1l(1 +1) DE

+027r1,(k,r> [( + DAV (R,) — KR (R (I + 1)P, —cos 6P ]}

21
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(Exterior)

g2 o OPHaSINOCOSO 5 o 1y O [0+ DAOURY) ~ KRA KRDTP (181)
r 41tkgRor I DM,I ! 1 0 1+1 0. ]

E?= wp,cosd = (21+1){NE'IrRokzzh,(l)(er)h,(l)(quo)P; (182)

4Ry 1110 +1) Dg,
Ny, 0 1 M [0 _ ) _ A
+DM1[(I + DUk = kr by ()1 LU + DRy V(R ) — KRohy (kR [1( + 1)P, — cos 6P ]}

_@pi,sing = 21+1) Ng,

2 2 (1) 1) - s
By = Ry ;=11(1+1){DE,,’R°'°"1‘ by R TG + 1P, = cosOF.] (159
N .
+1—ﬁ— [( + DAOUr) — kr B, (k)] [T + DAOUGR,) — kR (R)IP 3
z_ipuqk/lSineSin¢ had ﬂg_'l ) ) .
B = A l§1(21+1) Dz,zh' (k,r)h) (R)P, (184)
,_ipwlpsing = 2I+1) . Nys g a _ ) :
By = 4Ry l=ll(1+1){ Du,trhl (kr) [ + 1A (k,R,) k2Roht+1(k1Ro)]P1 (185)
*gﬁ&hﬂ’(@ko [ + DA r) = kyr b 21U 10 + )P, — cos 6P ]}
B ipik,cos0 = (21+1) ‘ Ng, RhPUR) [+ DA (kr) = kor b, (k,r)IP, (186)

41:Ror 1=1 l(l + 1) DE')

N .
+ Do ) [+ DR ~ R (RN + 1P, — 038P 1}

DC LIMIT OF THE SCATTERED FIELDS
FOR AN EXTERNAL DIPOLE

The dc limits of the field expressions given in Equations (139) through (186) are useful both
to provide a more transparent form of expression for a consistency check of the expressions, and
to provide explicit expressions for dc applications. These limiting forms are given below. Note

that, in the dc limit, Y — 10 where 8 = 6,/0,.
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DC MAGNETIC DIPOLE

Radial

(Interior)

E; =0 (187)
E!=0 (188)
E,=0 (189)

B! =
T 4nRdi=r (t+DI+1

- )
_my, (21+1)1(1+1)(_r_ P (190)

R, )

B;= mi;;i;el;(z(i:ll))g’:ll) Zé)l_ll", (191)
B,=0 (192)
(Exterior)

E’=0 (193)
E;=0 (194)
E}=0 (195)
B =n::l1:I(;;r—R1)::1(1:l-(: :)11 f 1(%)“1(1%3'“” ' | (196)
po G- Dsin0 & 10+1) (5)””5)’”,-,1 197)

4aRyR G+ DI+1r ) (R

B}=0 (198)
Tangential

(Interior)

E; =0 (199)
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Eg=0

E}=0

B'= my, sinBcos¢ & (21 +1)] (L)MP

’ 4rRr? =T+ DI+1(Ro !

By = ml:;;}sq)l:l (1(.*2.11;.1? 1 (Ef;)’—l [{(I + 1)P,— cos6P,]
Bl:mulsimb- Ql+1) (_r_)"lp

T AR S+ DI+ Ry !

(Exterior)

E’=0

E;=0

E}=0

B%= m,(t—1)sinBcosd = (I +1) (R;)'H(&)mp
’ 4TRy R S+ DI+ r R) !

_my(t-1)cos¢ = [ (R )’”(R

I+1
2 — P _ -
Bo= 4tRyR i@+ DI+10r Ro) [1( +1)P,—cos6P|]

BZ= M(T—I)Sin¢i l _R_ I1+1 B_ H—li>
N aRyR s+ DI+Ilr ) \Ry) !

DC CURRENT DIPOLE
Radial

(Interior)

E'=-
" 2noR3mr B+ 1DI+1

pT "(21+1)I(1+1)(_r_)"‘P
R,)

E

,_ptsin® & QU+1)(+1)( HP
8 Ino,R =1 @+ 1) +1 !

R,

24

(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)

(208)

(209)

(210)

(211)

(212)
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E,=0

B! =0

By=0

Bl= pTOrsin® = (21+1) (L)l—np
' 2mR: @+ DI+1\R ) !
(Exterior)

. p(®-1 o 10+1® (RY*(RY"
& " 4no,Ry R l§1(5+ 1)I+1(r ) R, P,

E2=P(8—})sin9“ I0+1) (R 1+1 R 1+1P
®" 4no,RyR 1@+ DI+1\ r R, !

g2 PO-Dmsin® = 141 (RYV(RYY,
" AmRR @+ DI+1Lr R,) !

Tangential
(Interior)

1 _prsinfeose & 1+ 1) _r_"‘l.J
"7 oneR: M@+ DI+1 R ) !

propicose s @l+1) (_r_

I=1
) ~cos 6P

El___p“i“¢" A+1 (r Y7,
. 2n0,R3 =10+ 1)l + 1\ Ry [

25

(213)
14)

(215)

(216)

217)

(218)

219)
(220)

(221)

(222)

(223)

(224)

(225)
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prpsmoine s 3t (2], -
B! =p§f,i§¢,:,ifﬂ){ (T:BL [0+ 1)P,~coseP,]—(sT”g’7’:TP,}(£—T_l (227)
B'l'piﬁ,w:lz%zl:){(t::)lln" (83718);’ [l(l+1)P,—cos6P,]}(RLo)'—l (228)
(Exterior)

£ e S () (5]
E? _p‘(::r o§$:¢‘§1 & 1l)z+1( go)m(g)m[z(u 1)P,~cos6P ] (230)
Ey= pz(tic_sg;:q,,;m11)1+1(1%)M(§)MP ' (231)
g2 =2t 41)n1:1rn981n¢,”1(1:511+1(11:(,)M(§)m"’ ! @32)
Bl= —’:‘:Rs::f’l;{ (ff:)_l i) (10 + )P~ cos6P ] -(—S%%P,} z%)m :5;—)‘“ (233)
By =T§§;¢;{ (f jr(tl)-li)lp '+(6ri81;112 U0 +1)P; ~cos6P ‘]} i%)“‘ [1;)'“ (234)

APPLICATION TO A SPHERE WITH AN INTERNAL SOURCE

The scattered fields still have the forms given in Equations (56) through (59). The primary
field expansion now has the form

E'=3% ‘_f{a: A () O /T"' iV % (A "(klr)X.,..I} (235)

1

and

B=3'% {a, k)X, . ma, EPY x (h*k,r)X, ,,]} (236)

I=0m=+
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The boundary conditions now are given by
Rx(E'+E’)=RxE?

and

1 1
—Rx(B'+B)=—R xB>
My ) 173

In expanded form Equations (237) and (238) are

i mz=‘ {[ al’:{:;tljl(klR) + amphl( l)(klR) - a:{""zh'(l)(kQR)jIR XX, m
Hy t He

l=0m=-
[ arm LikiR) + kiR ji(kiR)} N agn {h"(:R) + kR AP (kR)}

(D}ll mp'l

ain{h(kaR) + bR AP (,R)}

o X .1=0

and

m=Il
mz-: _l{[alﬁ;uljl kR)+ v”/ﬁpht(l)(ka )- aiﬁ;l ht( l)(sz IR xX,

s
=0

k2 k?

ate{h"(kR) + kR A{(kR)}
kz

X, .1=0.

These may be reduced using Equations (77) through (79) to give
Tt ji(6R) - ape b (eR) = apn b (kR)
Va0 UilkiR) + kiR j (RO ~ a0 R (R) + KR (e, R))
=yt Rk R) + kR A (K, R))

aEj(kR) - af 2 hUR) = —af B (kR)

27

[aff'..'.1 {jikiR) + kiR ji(kiR)} . ayel {h(k,R) + kR h{"(k:R)}

(237)

(238)

(239)

(240)

(241)

(242)

(243)
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and
AU kR) + kR j (kR - a5 2R R) + R A (R)] (244)
=-1a; (W (kR) + k,RA(K,R)]
where now T = /i, and ¥ = k¥/k? are the reciprocals of Tand Y. Proceeding as before, introduce
Dy, =t ) [+ 1)j4y) =ty 1 )] = i) [+ DAO() - wph 2 () (245)
and
Dy, = Yh"@) [0 + 1)) ~ i, @] = Ty [0+ DA ) — k()] (246)
and the expressions
N =) [0 + D) = wh )] =) [0+ DA @) -k’ @) (247)
and
Ny =T ) [+ DAOw) — w2 @)] =11 w) [+ DAO@w,) - k(@) (248)

where again, 4, = k,R and u, = k,R. Then, the solutions for the expansion coefficients, valid for any
localized interior source distribution that does not include the sphere surface, are given by

O ===}, (249)

af?=——ZgEt (250)

Ay == - (251)
M,
and
a2 =L gmr (252)
WDy

For dipole sources, the expressions in Equations (127) through (134) may be used, with
h{(k,R,) replaced by ji(k,R,) and then the 2 subscripts replaced by 1. All the angular information
contained in X, ; and X ,, remains the same.
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The end result is that the field expressions for the source interior to the sphere can be obtained
directly from Equations (139) through (186) for the exterior source case, by means of simple
exchanges and substitutions.

To obtain the new field components for region 1, replace A" () by j; () everywhere in the
old expressions for region 2, replace v, N, and D by v, N, and D in these expressions, and then
replace 2 by 1 everywhere it appears explicitly.

To obtain the new field components for region 2, first define [f;(u)] = (I + 1)fi(u) —uf;,,(u),

then replace j,(k,r) and [ji(k,r)] by h{’(k,r) and [B(k,r)], hV(kRo) and [A(k,R,)] by ji(kiR,) and
Li(k,R,)], all unbarred quantities by barred quantities, change the remaining subscripts from 1 to 2,
and reverse the sign of D, m,- The results of these operations are listed in the following section.

EXPRESSIONS FOR THE SCATTERED FIELDS

FOR AN INTERNAL DIPOLE
MAGNETIC DIPOLE
Radial
(Interior)
E'=0 (253)
E,=0 (254)
omii,k, sin® = N,
El=- —m—%ﬁﬂ- S @i+ 1>_ ik i iRP, (255)
0 E
1 m“'l 1 N
B = 2 @1+ DI+ 1)— ® il ik Ro)P, (256)
47d€ Dg,
im,k, sin® = Ng, , _ , .
Bi=——pr L0+ DT B [+ i)l e ikiRoP, @257)
B, =0 (258)
(Exterior)
E}=0 (259)
EZ=0 (260)
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l(o\mll,z sin@ -

(1)
E? = —RR 'Z:O(zl +1 )_E. B kyr )ji (ke RO)P

B*= 4;:0*; ‘f:__l @1+ DI+ DROUr)ikROP,

0 - 1 j :
I:l:;il: Z Q!+ 1)::—[(1 + l)ht(l)(qu )—kyr h1(+)1(kzr Wik, Ro)P,

Bl =~

2
B;=0
Tangential

(Interior)

omiL L, sin@sing =
£l =R q’2(2z+1>_ Nt ki kROP,
Ml

omiLk sind = (27 +1)

Eq=
o 4nRy  =1l(I+1) " Dy,

M,

E'= ompLk,cosd = (21+1)
T ARy S l(+ 1)

——

N .
+§E'—' rjiller) [ + 1)j,(kRo) ~ k Ryl o 1 (kR (1 + 1)P, — cos 6P 1}

El

Bl_imu,k,smecos(p -

r 4Ry Dg,

imu,klcos¢ (21+1)
4Ry lxl(l+1) DM,

Bel = Rokl.h(k r)j&R, o)P !

N ,
=22 (1 + 1)jilkyr) = oy Ry DA + Dji(kiRe) = kR 1 (R 1T + 1)P, = cos 6P ]}

E|

30

{ Net i ) [0+ 1R - Ry (GRIP,

N )
=L 10+ 1) r) = ke i ()R kiR (1 + 1)P, — cos OP 1}
1

-z Nu, lRah(k R [ + 1)jykyr) = ki1 jy o (y7)IP,

Z 21+ 1)— J:(k r) [ + 1)j,(k,R,) — klRojln(klRo)]P !
!

(261)

(262)

(263)

(264)

(265)

(266)

(267)

(268)

(269)
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Bl__imulkxsind’ (2l-v-l)
*T O AnRy ,11(1+1) Du.

ML PR (kyr )ik R [1(1 + 1)P, — cos 6P ]

N .
+'D—_Ei [+ 1)jikyr) = kyr i (kT + 1),k Ro) — kiR (ki Ro)IP

E.l
(Exterior)
, iomy,sinOsing = m
B —— 3 I+ 1)_ U )ikRP,
Dy,

E: = ‘“Z:Rf"o;‘:q’l"l ﬁll -.:- 11)) {Bl hl(l)(k'z" YU + 1)jy(k,Ry) _klR0j1+l(klR0)]P !
El

L [ + DEOE,r) = kr B, (kr )R (kR (1 + 1)P, — cos 6P ]}

M,

ot 5 %’ = (= Rul kR 0+ DA = k2 )P,
= M,

+31—- r hl(l)(kgr Y+ 1)jy(k,Ro) = kyRyjy (ki R)] [T + 1)P, — cos 0P 1}

E}

myl,sin@cos¢ = ) . )
; -—————MZKR Rr ¢‘ZI(21 1) [( + 1)jikiR) = KRy 1 (RO )P,
- E !

g2 =00 5 (24 1)

1)
anRRr S0+ DM, rRyH (e )i ROP

(270)

(271)

(272)

(273)

(274)

(275)

+b—_1—— [( + DRO ) — kr B, (6r)] [ + 1)),k Rg) — KRy o (iR + 1)P, — cos 6P ] }
E,l

my,sing & 2/ + 1)

Bl=-
¢ 4nRRr Il +1) DM,

rRh(kyr )ji(k R [1(1 + 1)P, — cos6P ]

BL [+ DAOUr) - ke B ()] [0+ 1ji06Re) = kiRoli s (6 RIP 3
E,l
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CURRENT DIPOLE
Radial

(Interior)

mpul hod Ml
== = 1
4Tk Ry IZODM,(zl + DI + 1)jy(k,r)ji (ki Ro)P,

WpH,sind =

iRy 2T ”—;,K’H)J:(k )= kG VikROP,

(Exterior)

0
0
0
lpuk sin@ =
41,1:R° 2(21 D—-M' Jitky )ik R)P,
__lopw, & 1

SRRy ,ZO—M @+ DI+ DAOr )ik RP,
1

- ——-—‘ ©plasin @ T+ 1)—[(1 + Dhr) = kr B2 (ke LikiR)P
TkZR,Rr =0 Dy,

pi,ysing =
- ;‘:;OR i+ 1)7,. RO(er)ji(kROP

32

(277)

(278)

(279)
(280)

(281)

(282)

(283)

(284)

(285)
(286)

(287)

(288)
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Tangential
(Interior)
, opp,sinBcosd = N
E =- 2 2+ 1)—- J:(k )1 + 1)jik,Ro) = kiRoji o 1 (K, ROIP,
4nk,Royr Dy,
Opupcosd = 21 +1
P QL+ Vot p g2 il RP,

41tk1R()r I= ll(l+l) DEI

(289)

N ,
+_D——W [+ 1)ji(kyr) = kyr o (KPT LA + 1))k Ro) — kiR (kiR L + 1)P, — cos 6P ,1}(290)

M,

Wpy, sing = (21+l) 2Ly Rk (ko )ji(kyRo) [1(1 + 1)P, = cos 6P ]

E,=
¢ 47tk1R0r I= ll(l"‘l) DEI

N .
211+ 1)ji (k) — ki (P [ + 1), R) = KRy o1 (i R)IP }
Ml

iplk,sinBsind & N
B'= “W 2(21+1>_ L jikyr)ji(kR)P
EI

ippikising = (2/+1)

B=—p— % 1(1+1){ AL i) [0+ Do) - kRoji 1 (kiROIP,
N .
=Ry (kRo) [(1 + 1)js(kyr) = kir (k)] U+ 1)P, — cos P ]}
Dg,
B!=- ipiki cos6 < (2’“){ L R kR [+ 1)jikar) = kyr o (eI,

41:Ror I= ll(l+l) DEI

N .
+l:).ﬂ rjilk,r) [ + 1ji(kRo) = kiRojy 1 (kiR [F( + 1)P, = cos OP ]}

M,

(Exterior)

, iwpy,sinfcosd = o .
= = R R
E= 21tk12R0R 1? @+ 1) Dy, ki (kr) T+ 1)ji(kRg) — —kRyjy 1k Ro)]P

33

(291)

(292)

(293)

(294)

(295)
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g2 1OPIsCOSO = U +1)

2, (1) . .
ST AmkZRRr =1 1(1+1) {EE,A' rRok by (kyr )ji(kiRo)P (296)

0+ DROr) e h G+ iR~ iRol (6 RTIIG + 1P, = cosOP )

M,

iopl,sing = (2/1+1)_ 1

2 _ 2, (1) , _ .
B == R Ry ST+ T) (B, Rk ik R U+ 1P, = cosOP ]
+5—2— [ + DA r) = kor a2, (Gr)1 10 + 1)k Ro) = kiRoji 1 (ki RO)IP ) (297)
M,l
»_PHpsin@sing = 1w .
Bl =— o —— x@l+ 1)55.1 RO r)ji(k,R)P, (298)
PU,sing = (21+1), 2y _ . ,
By = 4?:R0Rr =1 5(1 : 1)){ 5:1 rh(r) [0 + DjikRo) = kiRoly 1 (iRo)IP,
+5—1- [ + DRPler) = kr 2 (ar ) Ryji (R [ + 1)P, — cos 8P} (299)

E,\l

= (2l+1 1 . 5
' =iu1:kc:z)es r¢ ,=1§(1 I 1)) {5 RoiilkaRI + DA er) = kr by (k)P

_52._7_ rh®Uer) [ + 1)),k Ro) — kiRoji 1 (RO 1 + 1)P, —cos 6P ]} (300)

M,

DC LIMIT OF THE SCATTERED FIELDS
FOR AN INTERNAL DIPOLE

The dc limits of the field expressions given in Equations (253) through (300) are not simply
derived from the dc expressions for the external dipole, given in Equations (187) through (234).
The limiting forms are derived directly and are given below. In writing the expressions, the results
are given in terms of T = y,/, and 8 = 6,/0,.

DC MAGNETIC DIPOLE
Radial
(Interior)

E'=0 (301)

34




NCSC TR 426-90

plo =D P+ (r ((Ro)p
’ 4RyR S(z+DI+1\R J\R )!
l_mp.,(*c—l)sine -

W+ (r Y[R,
®"  4nRyR :§'1(1+1)I+I(R)(-E)P'

mu,T = 21+ DIJ + 1)(&,)’
= P,

r T ARy @D+ \

_mp,Tsin® = 21+ 1) (Ro]’l.,
i

T amRy? @+ DI+1r

___m,u,(t—l)sinecowi Id+1) Ll 52 IP
’ ATR, R S1@+DI+1\RJ\R !
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(302)

(303)

(304)

(305)

(306)

307)
(308)

(309)

(310)

(311)

(312)

(313)
(314)

(315)

(316)
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1_ my,(t-1)cosd =  (I+1) L

Bo=~""nrsR 121(1:+1)l+1 R [’(’ +1)P,—cos6P ] 317)
. mp(T- l)sm¢~ 1+1 _r_

By= 4R R H(r+1)z+1 R (318)
(Exterior)

E'=0 (319)
Eg=0 (320)
Ey=0 (321)
, mu,tsinOcos¢ = (2I+1)(I+1)( Ry

B, = dnRy? =1 (t+D)I+1 (r}P' (322)
. mugtcosd = l+1) (RoY o

Be ="y ;=1(x+1)1+1(r)[’(’+1)”' cos6F ] (323)
, mLTsing = (21+1) [

By= ATRy? = 1(1:+1)I+1( )P' (324)
DC CURRENT DIPOLE

Radial

(Interior)

1 p®-1) & I+ _r_”_}_(i,'

E = 4no,RorR:§1(6+1)I+1(R)\R Py (325)
,_p@-Dsin@ = W(+1) (rY(R);

®~ 4noRyR ,§1(8+1)z+1(k J\R P, (326)
Ey=0 (327)
B, =0 (328)
By =0 (329)
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p(®—1)y,sin6 = l (rY(R,Y,

B!=-"2 r

¢ 4TR,R 121(5+1)I+1\R)(0)P‘ (330)
(Exterior)

Pe_P 3 @I+ DI+ DRy ) P

* T 2no Ryt G+DI+1 (r ) (331)
E2= psin® & (2+1) (Ro P

T o, Ry2 s (B + 1) +1 (332)
2—

Ey=0 (333)
2 _

B, =0 (334)
2-—

By =0 (335)
2_Plosin® & QI+1) ’P

7T 2rRy B+ DI+1 ! (336)
Tangential

(Interior)

gt _p@=1DsinBcosd I0+1) (r Y[R lP

’ dno.RRr i@+ DI+1\RJ\R ' (337)
. p@-Ncos¢p & I+1 R

B0 o RRr ,21(a+1)z+1( )( J U4+ 1P, - cosP) (338)
y_p@-1sing & I+1 R

Ee= 4noRoRr 1?1(5+1)l+1( )(ROJP' (339)
B'= piy(t—1)sinB@sin¢ = I Ll & !

d 4TRr .§1(1+1)1+1 R)\R P, (340)
1 _ pU1Sin¢" Ro(’t—l) . r(s_l . IR !
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1_ pcosd = Ry(t—-1) . r@d-1) . Y Ro’
By =""1nRRy Ex{ (1.-+1)1+1P"(6+1)1+1['(l“)”‘””sep‘]}(i) (’R‘ (342)
(Exterior)
,_psinfBcos¢ o I+ +1)( Ry [
E = 2n0,Ry? =1 B+ 1DI+1 (T)P‘ (343)
2 pcosd Q. 2l+1) Ro' ,
Eo = 21:0'2R0r21=1(8+1)l+1(_r_) [¢+1)P,~cosOP ] (344)
,_ psing = @+ (R);
B SRS O+ DI+ 1(7)” ! (345)
B’= pT,sin@sing = 2/+1 Ro‘.

anrr =(t+DI+1 ! (346)
Bz PMS ¢ 2 { 1R, _ 51 2r . i
e ) by ey UG s P T U e
gie PMCOS(P { R, o e } Ro)
¢ 2@+ D\ e e e Dl e DA cosBP | 7~ | (348)
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APPENDIX A

NUMERICAL METHODS AND HEWLETT-PACKARD BASIC 3.0 COMPUTER
CODES FOR CURRENT AND MAGNETIC DIPOLE FIELDS

in tus Appendix, codes are given fcr computing the electsic and magnetic fields external to
a sphere, for dipole sources external to the sphere. Codes are given for ac sources(MAGNDIPSPH
and CURRDIPSPH) and for dc sources (MGDIPSPHDC and CRDIPSPHDC). The Legendre
polynomials and t.hmr first derivatives are generated in the subroutine P1_pldot based on the
recursion formulas ' The spherical Bessel functions can be generated from closed-form
expressions,*' but these have large roundoff errors for any given argument as the order increases.
Instead, the Bessel functions are generated from various representations, dcpcndmg on the values
of argument and order. These routines were taken from Abramowitz and Stegun,*' and are discussed
in detail below.

The structure of the remainder of this Appendix is as follows:

MAGNDIPSPH
CURRDIPSPH
MGDIPSPHDC
CRDIPSPHDC

The subroutines:

Geomdipsph
Geomfldpos
Geomfldb_e
Jcomb
Hcomb
Spherejnz
Spherehnz
Jnuevrywhr
Hnuevrywhr
Pl_pldot
Ndm

Nde
Ndmicon
Ndeicon

Discussion of series representations of Bessel functions.
The subroutines:

Jn

Hln
Jnu
Hinu
Prinlogz
Atn2
Gamma

Discussion of asymptotic representations of Bessel functions for large argument.
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The subroutines:

Jnasy
H1nasy
Pnz

Qnz
Discussion of uniform asymptotic representation of Bessel functions for large order.
The subroutines:

Jfiuniasym
Hfkuniasym
Jhlproduni
Uk

Ukcoefs

PROGRAM MAGNDIPSPH

10 OPTION BASE 1

20 DIM Xf(3),Xd(3),M(3),Rds(3,3),Bp(3,2).Ep(3,2),B(3,2),E(3,2)

30 DIM P1(100),P1d(100),Ndma(100,2),Ndea(100,2),Et(3,2),Bt(3,2)

40 INPUT “FREQUENCY AND MEDIUM AND SPHERE(Ss<0 =>
INF)CONDUCTIVITIES(MHO/M)?" F,Sm,Ss

50 INPUT "RELATIVE PERMEABILITY OF MEDIUM AND SPHERE?",Mm,Ms
60 INPUT "RELATIVE PERMITTIVITY OF MEDIUM AND SPHERE?",Em.Es
70 INPUT "POSITION OF FIELD POINT?(M)" Xf(*)

80 INPUT "POSITION OF SOURCE POINT?(M)" . Xd(*)

90 INPUT "MAGNETIC DIPOLE MOMENT VECTOR?(AMP-MA2)" M(*)

100 INPUT "SPHERE RADIUS(M) AND MAXIMUM POLAR ANGLE INDEX?",A,Ell
110 INPUT "RELATIVE ERROR FOR TRUNCATION?" Err

120 Lmax=Ell+1

130 W=2*PI*F

140 MO0=4*PI*1.E-7

150 E0=8.85415E-12

160 Utl=W*MO0

170 Ut2=W+*EQ*Utl

180 K12r=Ut2*Es*Ms

190 K12i=Ut1*Ms*Ss

200 K22r=Ut2*Em*Mm

210 K22i=Ut1*Mm*Sm

220 Md=SQR(K12r*K12r+K12i*K12i)

230 K1r=SQR((Md+K12r)/2)

240 K1i=SQR(ABS(Md-K12r)/2)

250 Md=SQR(K22r¥*K22r+K22i*K22i)

260 K2r=SQR((Md+K22r)/2)

270 K2i=SQR(ABS(Md-K22r)/2)

280 Mefac=W*M0*Mm/4/P1 ! Electric fields in volt/meter

290 Mefacr=Mefac*K2r

300 Mefaci=Mefac*K2i

310 Mmfac=M0*Mm/4/P1 ! Magnetic fields in tesla
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Mmfacr=-Mmfac*K2i
Mmfaci=Mmfac*K2r
Mur=Ms/Mm
!Only frequency and medium constants to here
REDIM Ndma(l.max,2),Ndea(LLmax,2)
IF Ss>0 THEN GOTO 410
CALL Ndmicon(Lmax,K2r,K2i,A ,Ndma(*))
CALL Ndeicon(Lmax,K2r,K2i,A ,Ndea(*))
GOTO 430
CALL Ndm(Lmax,K1r,K1i,K2r,K2i, Mur,A,Ndma(*))
CALL Nde(Lmax,X1r,K1i,K2r,K2i Mur,A,Ndea(*))
!Added only sphere radius to here
CALL Geomdipsph(Xd(*),M(¥*),kds(*),R0,Mr,Mt)
CALL Geomfldpos(Xf(*),Rds(*),R,Ct,St,Cp,Sp)
Zr=K2r*R
Zi=K2i*R
Z0r=K2r*R0
Z0i=K2i*R0
REDIM Pl(Lmax),Pld(Lmax)
CALL P1_pldot(Lmax-1,Ct,P1(*),Pld(*))
MAT Ep= (0)
MAT Bp= (0)
L=2

MAT Et= (0)

MAT Bt= (0)

CALL Hcomb(L-1,Zr,Zi,R Hzr Hzi,Chzr,Chzi)
CALL Hcomb(L-1,Z0r,Z0i,R0,Hz0r,Hz0i,Chz0r ,Chz0i)
Telr=Hzr¥*Hz0Or-Hzi*Hz0i
Teli=Hzr*Hz0i+Hzi*HzO0r
Te2r=Telr*Ndma(L,1)-Teli*Ndma(L,2)
Te2i=Telr*Ndma(l.,2)+Teli*Ndma(L,1)
Tb2r=Telr*Ndea(L,1)-Teli*Ndea(L,2)
Tb2i=Telr*Ndea(L,2)+Teli*Ndea(L,1)
Et(1,1)=Mt*St*Sp*Te2r*Pld(L)/R
Et(1,2)=Mt*St*Sp*Te2i*Pld(L)/R
Te3r=Hz0r*Chzr-Hz0i*Chzi
Te3i=Hz0r*Chzi+Hz0i*Chzr
Tedr=Te3r*Ndma(L,1)-Te3i*Ndma(L,2)
Te4i=Te3r*Ndma(L,2)+Te3i*Ndma(L,1)
Te5Sr=Hzr*Chz0r-Hzi*Chz0i
TeS5i=Hzr*Chz0i+Hzi*Chz0r
Te6r=Te5r*Ndea(L.,1)-TeSi*Ndea(L,2)
Te6i=Te5r*Ndea(L,2)+TeS5i*Ndea(L,1)
Bt(1,1)=Mr*Tb2r*L*(L-1)*PI(L)/R/RO
Bt(1,2)=Mr*Tb2i*L*(L-1)*P1(L)/R/RO
Bt(1,1)=Bt(1,1)+Mt*Cp*St*Te6r*Pld(L)/R
Bt(1,2)=Bt(1,2)+Mt*Cp*St*Te6i*Pld(L)/R
Tb3r=Chzr*Chz0r-Chzi*Chz0i
Tb3i=Chzr*Chz0i+Chzi*Chz0r
Tb4r=Tb3r*Ndea(L,1)-Tb3i*Ndea(L,2)
Tb4i=Tb3r*Ndea(L.,2)+Tb3i*Ndea(L,1)
Tb5r=K22r*Te2r-K22i*Te2i
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Tb5i=K22r*Te2i+K22i*Te2r
Tb6r=Te3r*Ndea(L,1)-Te3i*Ndea(L,2)
Tb6i=Te3r*Ndea(L,2)+Te3i*Ndea(L,1)
Et(2,1)=Et(2,1)+Mt*Sp*Tedr*(P1(L)-Ct*Pld(L)/L/(L-1))
Et(2,2)=Et(2,2)+Mt*Sp*Tedi*(PI(L)-Ct*Pld(L)/L/(L-1))
Et2,1)=Et(2.D)-Mt*Sp*Te6r*FId(L)/L/(L-1)
Et(2,2)=Et(2,2)-Mt*Sp*Te6i*Pld(L)/L/(L-1)
Bt(2,1)=Bt(2,1)-Mr*St*Tb6r*PIld(L)/RO
Bt(2,2)=B1(2,2)-Mr*St*Tb6i*Pld(L)/R0O
Bt(2,1)=Bt(2,1)+Mt*Cp*Tb5r*Pid(L)/1/(L-1)
Bt(2,2)=B1(2,2)+Mt*Cp*Tb5i*Pld(L)/L/(L-1)
Bt(2,1)=Bt(2,1)+Mt*Cp*Tb4r*(PI(L)-Ct*PId(L)/L/(L-1))
Bt(2,2)=Bt(2,2)+Mt*Cp*Tb4i*(P1(L)-Ct*Pld(L)/L/(L-1))
Te7r=Telr*Ndea(L,1)-Teli*Ndea(L,2)
Te7i=Telr*Ndea(L,2)+Teli*Ndea(L,1)
Te8r=Te3r*Ndma(L,1)-Te3i*Ndma(L,2)

1000 Te8i=Te3r*Ndma(L,2)+Te3i*Ndma(L,1)

1010 Et(3,1)=Et(3,1)+Mt*Cp*Te6r*(PI(L)-Ct*Pld(L)/L/(L-1))
1020 Et(3,2)=Et(3,2)+Mt*Cp*Te6i*(PI(L)-Ct*Pld(L)/L/(L-1))
1030 Et(3,1)=Et(3,1)-Mt*Cp*Te8r*Pld(L)/L/(L-1)

1040 Et(3,2)=Et(3,2)-Mt*Cp*Te8i*Pld(L)/L/(L-1)

1050 Et(3,1)=Et(3,1)-Mr*Te7r*St*Pld(L)/RO

1060 Et(3,2)=Et(3,2)-Mr*Te7i*St*PId(L)/R0

1070 Bt(3,1)=B1(3,1)+Mt*Sp*Tb5r*(PI(L)-Ct*P1d(L)/L/(L-1))
1080 Bt(3,2)=Bt(3,2)+Mt*Sp*Tb5i*(PI(L)-Ct*Pld(L)/L/(L-1))
1090 Bt(3,1)=Bt(3,1)+Mt*Sp*Tb4r*Pld(L)/L/(L-1)

1100 Bt(3,2)=Bt(3,2)+Mt*Sp*Tb4i*Pld(L)/L/(L-1)

1110 Ep(1,1)=Ep(1,1)+(2*L-1)*Et(1,1)

1120 Ep(1,2)=Ep(1,2)+(2*L-1)*Et(1,2)

1130 Ep(2,1)=Ep(2,1)+(2*L-1)*Et(2,1)

1140 Ep(2,2)=Ep(2,2)+(2*L-1)*E(2,2)

1150 Ep(3,1)=Ep(3,1)+(2*L-1)*Et(3,1)

1160 Ep(3,2)=Ep(3,2)+(2*L-1)*Et(3,2)

1170 Bp(1,1)=Bp(1,1)+(2*L-1)*Bt(1,1)

1180 Bp(1,2)=Bp(1,2)+(2*L-1)*Bt(1,2)

1190 Bp(2,1)=Bp(2,1)+(2*L-1)*Bt(2,1)

1200 Bp(2,2)=Bp(2,2)+(2*L-1)*Bt(2,2)

1210 Bp(3,1)=Bp(3,1)+(2*L-1)*Bt(3,1)

1220 Bp(3,2)=Bp(3,2)+(2*L-1)*Bt(3,2)

1230 Nerl=Et(1,1)*Et(1,1)+Et(1,2)*Et(1,2)

1240 Ner2=Et(2,1)*Et(2,1)+Et(2,2)*Et(2,2)

1250 Ner3=Et(3,1)*Et(3,1)+Et(3,2)*Et(3,2)

1260 Dnel=Ep(1,1)*Ep(1,1)+Ep(1,2)*Ep(1,2)

1270 Dne2=Ep(2,1)*Ep(2,1)+Ep(2,2)*Ep(2,2)

1280 Dne3=Ep(3,1)*Ep(3,1)+Ep(3,2)*Ep(3,2)

1290 Nbrl1=Bt(1,1)*Bt(1,1)+Bt(1,2)*Bt(1,2)

1300 Nbr2=Bt(2,1)*Bt(2,1)+Bt(2,2)*Bt(2,2)

1310 Nbr3=Bt(3,1)*Bt(3,1)+Bt(3,2)*Bt(3,2)

1320 Dnbl=Bp(1,1)*Bp(1,1)+Bp(1,2)*Bp(1,2)

1330 Dnb2=Bp(2,1)*Bp(2,1)+Bp(2,2)*Bp(2,2)

1340 Dnb3=Bp(3,1)*Bp(3, 1)+Bp(3 ,2)*Bp(3,2)

1350 IF L=Lmax THEN 1570
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1360 IF Dnbl=0 THEN 1380

1370 IF Nbr1/Dnbl<Err*Err THEN
1380 IF Dnb2=0 THEN 1400

1390 IF Nbr2/Dnb2<Err*Err THEN
1400 IF Dnb3=0 THEN 1420

1410  IF Nbr3/Drb2<Err*Err THEN
1420 IF Dnel=0 THEN 1440

1430 IF Ner1/Dnel<Err*Err THEN
1440 IF Dne2=0 THEN 1460

1450 IF Ner2/Dne2<Err*Err THEN

1460 IF Dne3=0 THEN 1480
1470 IF Ner3/Dne3<Err*Err THEN
1480 GOTO 1570

1490 END IF

1500 END IF

1510 END IF

1520 ENDIF

1530 ENDIF

1540 END IF

1550 L=L+1

1560 GOTO 550

1570 Tmpr=Mefacr*Ep(1,1)-Mefaci*Ep(1,2)
1580 Tmpi=Mefacr*Ep(1,2)+Mefaci*Ep(1,1)
1590 Ep(1,1)=-Tmpr

1600 Ep(1,2)=-Tmpi

1610 Tmpr=Mmfacr*Bp(1,1)-Mmfaci*Bp(1,2)
1620 Tmpi=Mmfacr*Bp(1,2)+Mmfaci*Bp(1,1)
1630 Bp(1,1)=Tmpr

1640 Bp(1,2)=Tmoi

1650 Tmpr=Mefacr*Ep(2,1)-Mefaci*Ep(2,2)
1660 Tmpi=Mefacr*Ep(2,2)+Mefaci*Ep(2,1)
1670 Ep(2,1)=-Tmpr

1680 Ep(2,2)=-Tmpi

1690 Tmpr=Mmfacr*Bp(2,1)-Mmfaci*Bp(2,2)
1700 Tmpi=Mmfacr*Bp(2,2)+Mmfaci*Bp(2,1)
1710 Bp(2,1)=Tmpr

1720 Bp(2,2)=Tmpi

1730 Tmpr=Mefacr*Ep(3,1)-Mefaci*Ep(3,2)
1740 Tmpi=Mefacr*Ep(3,2)+Mefaci*Ep(3,1)
1750 Ep(3,1)=Tmpr

1760 Ep(3,2)=Tmpi

1770 Tmpr=Mmfacr*Bp(3,1)-Mmfaci*Bp(3,2)
1780 Tmpi=Mmfacr*Bp(3,2)+Mmfaci*Bp(3,1)
1790 Bp(3,1)=-Tmpr

1800 Bp(3,2)=-Tmpi

1810 CALL Geomfldb_e(Ct,St,Cp,Sp,Bp(*),Ep(*),Rds(*),B(*).E(*))

1820 PRINT E(*) !Electric field in original frame
1830 PRINT

1840 PRINT B(*) !Magnetic field in original frame
1850 END
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PROGRAM CURRDIPSPH

10
20
30
40

OPTION BASE 1
DIM Xf(3),Xd(3),P(3),Rds(3,3),Bp(3,2).Ep(3,2),B(3,2),E(3,2)
DIM P1(100),P1d(100),Ndma(100,2),Ndea(100,2),E(3,2),Bt(3,2)
INPUT "FREQUENCY AND MEDIUM AND SPHERE(Ss<0 => INF)

CONDUCTIVITIES®MMHO/M)?" F,Sm,Ss

50

60

70

80

90

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
490

INPUT "RELATIVE PERMEABILITY OF MEDIUM AND SPHERE?",Mm,Ms
INPUT "RELATIVE PERMITTIVITY OF MEDIUM AND SPHERE?",Em,Es
INPUT "POSITION OF FIELD POINT?(M)" ,Xf(¥)
INPUT "POSITION OF SOURCE POINT?(M)" . Xd(*)
INPUT "CURRENT DIPOLE MOMENT VECTOR?(AMP-M)",P(¥) -
INPUT " SPHERE RADIUS(M) AND MAXIMUM POLAR ANGLE INDEX?",A Ell
Err=1.E-6
Lmax=Ell+1
W=2*PI*F
MO0=4*PI*1.E-7
E0=8.85415E-12
Utl=W*M0
Ut2=W*EQ*Utl
K12r=Ut2*Es*Ms
K12i=Ut1*Ms*Ss
K22r=Ut2*Em*Mm
¥22i=Ut1*Mm*Sm
Md=SQR(K12r*K12r+K12i*K12i)
K1r=SQR((Md+K12r)/2)
K1i=SQR(ABS(Md-K12r)/2)
Md=SQR(K22r*K22r+K22i*K22i)
K2r=SQR((Md+K22r)/2)
K2i=SQR(ABS(Md-K22r)/2)
Mk2=K2r*K2r+K2i*K2i
Ik2r=K2r/Mk2
Ik2i=-K2i/Mk2
Eefac=M0*Mm*W/4/P1 {Electric fields in volt/meter
Eefacr=Eefac*Ik2r
Eefaci=Eefac*Ik2i
Emfac=M0*Min/4/P1 {Magnetic fields in tesla
Emfacr=-Emfac*K2i
Emfaci=Emfac*K2r
Mur=Ms/Mm

!Only frequency and medium constants to here
REDIM Ndma(Lmax,2),Ndea(Lmax,2)
IF Ss>0 THEN 440
CALL Ndmicon(Lmax,K2r,K2i,A,Ndma(*))
CALL Ndeicon(Lmax,K2r,K2i,A ,Ndea(*))
GOTO 460
CALL Ndm(L.max,K1r,K11,K2r,K2i,Mur,A,Ndma(*))
CALL Nde(L.max,K1r,K1i,K2r,K2i,Mur,A,Ndea(*))

!Added only sphere radius to here
CALL Geomdipsph(Xd(*),P(*),Rds(*),R0,Pr,Pt)
CALL Geomfldpos(Xf(*),Rds(*),R,Ct,St,Cp,Sp)
Zr=K2r*R
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Zi=KZi*R

Z0r=K2r*R0

Z0i=K2i*R0

REDIM Pl(L.max),Pld(Lmax)

CALL P1_pldot(Lmax-1,Ct,P1(*),P1d(*))
MAT Ep= (0)

MAT Bp=(0)

L=2

MAT Et= (0)

MAT Bt= (0)

CALL Hcomb(L-1,Zr,Zi,R Hzr Hzi,Chzr,Chzi)

CALL Hcomb(L-1,Z0r,Z0i,R0,Hz0r,Hz0i,Chz0r,Chz0i)
Tblr=Hzr*HzOr-Hzi*Hz0i

Tbli=Hzr*Hz0i+Hzi*Hz0r
Tb2r=Tb1lr*Ndea(L,1)-Tbli*Ndea(L,2)
Tb2i=Tb1r*Ndea(L,2)+Tbli*Ndea(L,1)
Te2r=Tblr*Nama(L,1)-Tb1i*Ndma(L,2)
Te2i=Tb1r*Ndma(L,2)+Tbli*Ndma(L,1)
Bt(1,1)=Pt*St*Sp*Tb2r*PId(L)/R
Bt(1,2)=Pt*St*Sp*Tb2i*Pld(L)/R
Tb3r=HzO0r*Chzr-Hz0i*Chzi
Tb3i=Hz0r*Chzi+Hz0i*Chzr
Tb4r=Tb3r*Ndea(L,1)-Tb3i*Ndea(L,2)
Tb4i=Tb3r*Ndea(L,2)+Tb3i*Ndea(L,1)
TbSr=Hzr*Chz0r-Hzi*Chz0i
Tb5i=Hzr*Chz0i+Hzi*Chz0r
Tb6r=Tb5r*Ndma(L,1)-Tb5i*Ndma(L,2)
Tb6i=Tb5r*Ndma(L,2)+Tb5i*Ndma(L,1)
Et(1,1)=Pr*Te2r¥L*(L-1)*PI(L)/R/RO
Et(1,2)=Pr*Te2i*L*(L-1)*PI(L)/R/RO
Et(1,1)=Et(1,1)+Pt*Cp*St*Tb6r*PId(L)/R
Et(1,2)=Et(1,2)+Pt*Cp*St*Tb61*PId(L)/R
Te3r=Chzr*Chz0r-Chzi*Chz0i
Te3i=Chzr*Chz0i+Chzi*Chz0r
Tedr=Te3r*Ndma(L,1)-Te3i*Ndma(L,2)
Tedi=Te3r*Ndma(L,2)+Te3i*Ndma(L,1)
TeSr=-K22r*Tb2r+K22i*Tb2i
TeS5i=-K22r*Tb2i-K22i*Tb2r
Te6r=Tb3r*Ndma(L,1)-Tb3i*Ndma(L,2)
Te6i=Tb3r*Ndma(L,2)+Tb3i*Ndma(L,1)
Bt(2,1)=Bt(2,1)+Pt*Sp*Tb4r*(PI(L)-Ct*PId(L)/L/(L-1))
Bt(2,2)=Bt(2,2)+Pt*Sp*Tb4i*(PI(L)-Ct*PId(L)/L/(L-1))
Bt(2,1)=Bt(2,1)-Pt*Sp*Tb6r*Pld(L)/L/(L-1)
Bt(2,2)=Bt(2,2)-Pt*Sp*Tb6i*Pld(L)/L/(L-1)
Et(2,1)=Et(2,1)+Pr*St*Te6r*Pld(L)/RO
Et(2,2)=Et(2,2)+Pr*St*Te6i*Pld(L)/RO
Et(2,1)=Et(2,1)+Pt*Cp*Te5r*Pld(L)/L/(L-1)
Et(2,2)=Et(2,2)+Pt*Cp*Te5i*PId(L)/L/(L-1)
Et(2,1)=Et(2,1)-Pt*Cp*Tedr*(PI(L)-Ct*Pld(L)/L/(L-1))
Et(2,2)=Et(2,2)-Pt*Cp*Tedi*(PI(L)-Ct*Pld(L)/L/(L-1))

1000 Tb7r=Tblr*Ndma(L,1)-Tbli*Ndma(L,2)
1010 Tb7i=Tblr*Ndma(L,2)+Tbli*Ndma(L,1)
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1020 Tb8r=Tb3r*Ndea(L,1)-Tb3i*Ndea(L,2)

1030 Tb8i=Tb3r*Ndea(L,2)+Tb3i*Ndea(L,1)
1040 Bt(3,1)=Bt(3,1)-Pt*Cp*Tb6r*(PI(L)-Ct*Pld(L)/L/(L-1))
1050 Bt(3,2)=Bt(3,2)-Pt*Cp*Tb6i*(PI(L)-Ct*Pld(L)/L/(L-1))
1060 Bt(3,1)=Bt(3,1)+Pt*Cp*Tb8r*Pld(L)/L/(L-1)
1070 Bt(3,2)=Bt(3,2)+Pt*Cp*Tb8i*Pld(L)/L/(L-1)
1080 Bt(3,1)=Bt(3,1)+Pr*Tb7r*St*PId(L)/RO
1090 B1(3,2)=Bt(3,2)+Pr*Tb7i*St*PIld(L)/RO
1100 Et(3,1)=Et(3,1)-Pt*Sp*Te5r*(PI(L)-Ct*Pld(L)/L/(L-1))
1110 Et(3,2)=Et(3,2)-Pt*Sp*Te5i*(PI(L)-Ct*Pld(L)/L/(L-1))
1120 Ei(3,1)=Et(3,1)+Pt*Sp*Tedr*PIld(L)/L/(L-1)
1130 Et(3,2)=Et(3,2)+Pt*Sp*Tedi*Pld(L)/L/(L-1)
1140 Bp(1,1)=Bp(1,1)+(2*L-1)*Bt(1,1)

1150 Bp(1,2)=Bp(1,2)+(2*L-1)*Bt(1,2)

1160 Bp(2,1)=Bp(2,1)+(2"‘L-1)*Bt(2,1)

1170 Bp(2,2)=Bp(2,2)+(2*L-1)*Bt(2,2)

1180 Bp(3,1)=Bp(3,1)+(2*L-1)*Bt(3,1)

1190 Bp(3,2)=Bp(3,2)+(2*L-1)*Bt(3,2)

1200 Ep(1,1)=Ep(1,1)-(2*L-1)*Ex(1,1)

1210 Ep(1,2)=Ep(1,2)-(2*L-1)*Et(1,2)

1220 Ep(2,1)=Ep(2,1)+(2*L-1)*Et(2,1)

1230 Ep(2,2)=Ep(2,2)+(2*L-1)*Et(2,2)

1240 Ep(3,1)=Ep(3,1)+(2*L-1)*Et(3,1)

1250 Ep(3,2)=Ep(3,2)+(2*L-1)*E(3,2)

1260 Nerl=Et(1,1)*Et(1,1)+Et(1,2)*Et(1,2)

1270 Ner2=Et(2,1)*Et(2,1)+Et(2,2)*Et(2,2)

1280 Ner3=Et(3,1)*Et(3,1)+Et(3,2)*Et(3,2)

1290 Dnel=Ep(1,1)*Ep(1,1)+Ep(1,2)*Ep(1,2)
1300 Dne2=Ep(2,1)*Ep(2,1)+Ep(2,2)*Ep(2,2)
1310 Dne3=Ep(3,1)*Ep(3,1)+Ep(3,2)*Ep(3,2)
1320 Nbri1=Bt(1,1)*Bt(1,1)+Bt(1,2)*Bt(1,2)

1330 Nbr2=Bt(2,1)*Bt(2,1)+Bt(2,2)*Bt(2,2)

1340 Nbr3=Bt(3,1)*Bt(3,1)+Bt(3,2)*Bt(3,2)

1350 Dnb1=Bp(1,1)*Bp(1,1)+Bp(1,2)*Bp(1,2)
1360 Dnb2=Bp(2,1)*Bp(2,1)+Bp(2,2)*Bp(2,2)
1370 Dnb3=Bp(3,1)*Bp(3,1)+Bp(3,2)*Bp(3,2)
1380 IF L=Lmax THEN 1600

1390 IF Dnb1=0 THEN 1410

1400 IF Nbr1/Dnbl<Err*Err THEN

1410 IF Dnb2=0 THEN 1430

1420 IF Nbr2/Dnb2<Err*Err THEN

1430 IF Dnb3=0 THEN 1450

1440  IF Nbr3/Dnb3<Err*Err THEN

1450 IF Dnel1=0 THEN 1470

1460 IF Nerl/Dnel<Err*Err THEN

1470 IF Dne2=0 THEN 1490

1480 IF Ner2/Dne2<Err*Err THEN

1490 IF Dne3=0 THEN 1510

1500 IF Ner3/Dne3<Err*Err THEN
1510 GOTO 1600

1520 END IF

1530 END IF
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1540 END IF

1550 ENDIF

1560 ENDIF

1570 END IF

1580 L=L+1

1590 GOTO 580

1600 Tmpr=Emfacr*Bp(1,1)-Emfaci*Bp(1,2)
1610 Tmpi=Emfacr*Bp(1,2)+Emfaci*Bp(1,1)
1620 Bp(1,1)=Tmpr

1630 Bp(1,2)=Tmpi

1640 Tmpr=Eefacr*Ep(1,1)-Eefaci*Ep(1,2)
1650 Tmpi=Eefacr*Ep(1,2)+Eefaci*Ep(1,1)
1660 Ep(1,1)=Tmpr

1670 Ep(1,2)=Tmpi

1680 Tmpr=Emfacr*Bp(2,1)-Emfaci*Bp(2,2)
1690 Tmpi=Emfacr*Bp(2,2)+Emfaci*Bp(2,1)
1700 Bp(2,1)=Tmpr

1710 Bp(2,2)=Tmpi

1720 Tmpr=Eefacr*Ep(2,1)-Eefaci*Ep(2,2)
1730 Tmpi=Eefacr*Ep(2,2)+Eefaci*Ep(2,1)
1740 Ep(2,1)=Tmpr

1750 Ep(2,2)=Tmpi

1760 Tmpr=Emfacr*Bp(3,1)-Emfaci*Bp(3,2)
1770 Tmpi=Emfacr*Bp(3,2)+Emfaci*Bp(3,1)
1780 Bp(3,1)=Tmpr

1790 Bp(3,2)=Tmpi

1800 Tmpr=Eefacr*Ep(3,1)-Eefaci*Ep(3,2)
1810 Tmpi=Eefacr*Ep(3,2)+Eefaci*Ep(3,1)
1820 Ep(3,1)=Tmpr

1830 Ep(3,2)=Tmpi

1840 CALL Geomfldb_e(Ct,St,Cp,Sp,Bp(*).Ep(*),Rds(*),B(*),E(*))
1850 PRINT E(*) !Electric field in original frame
1860 PRINT

1870 PRINT B(*) !'Magnetic field in original frame
1880 END

PROGRAM MGDIPSPHDC

10
20
30
40
50
60
70
80
90

OPTION BASE 1

DIM Xf£(3),Xd(3),M(3),Rds(3,3),Bp(3).Ep(3),B(3).E(3)

DIM PI(100),P1d(100),Et(3),Bt(3)

INPUT "MEDIUM AND SPHERE CONDUCTIVITIES(MHO/M)?",Sm,Ss

INPUT "RELATIVE PERMEABILITY OF MEDIUM AND SPHERE?",Mm,Ms
INPUT "POSITION OF FIELD POINT?(M)",Xf(*)

INPUT "POSITION OF SOURCE POINT?(M)" Xd(*)

INPUT "MAGNETIC DIPOLE MOMENT VECTOR?(AMP-MA2)" M(*)

INPUT " SPHERE RADIUS(M) AND MAXIMUM POLAR ANGLE INDEX?",A Ell

100 Emr=1.E-6

110 Lmax=Ell+1
120 T=Ms/Mm
130 MO0=4*PI*1.E-7
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140
150
160
170
180
190
200
210
220
230
240
250
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!Only medium constants to here
CALL Geomdipsph(Xd(*),M(*),Rds(*),R0,Mr,Mt)
CALL Geomfldpos(Xf(*),Rds(*),R,Ct,St,Cp,Sp)
Facm=M0*Mm*(T-1)/4/PI/A/R/RO
REDIM PI(Lmax),Pld(Lmax)
CALL Pl_pldot(Lmax-1,Ct,P1(*),P1d(*))
MAT Ep=(0)
MAT Bp= (0)
Rat=A*A/R/RO
Ratl=Rat
L=2
MAT Bt= (0)
Ratl=Ratl*Rat
Dt=1/((T+1)*(L-1)+1)
Bt(1)=-Mt*St*Cp*L*(L-1)*Ratl*Pld(L)*Dt
Bt(1)=Bt(1)+Mr*L*L*(L-1)*Ratl*PI(L)*Dt
Bt(2)=Mt*Cp*(L-1)*Ratl*(L*(L-1)*PI(L)-Ct*Pld(L))*Dt
Bt(2)=Bt(2)+Mr*St*L*(L-1)*Pld(L)*Ratl*Dt
Bt(3)=-Mt*Sp*(L-1)*Ratl*Pld(L)*Dt
MAT Bp= Bp+Bt
Nbr1=Bt(1)*Bt(1)
Nbr2=Bt(2)*Bt(2)
Nbr3=Bt(3)*Bt(3)
Dnb1=Bp(1)*Bp(1)
Dnb2=Bp(2)*Bp(2)
Dnb3=Bp(3)*Bp(3)
IF L=Lmax THEN 530
IF Dnb1=0 THEN 430
IF Nbr1/Dnb1<Err*Err THEN
IF Dnb2=0 THEN 450
IF Nbr2/Dnb2<Err*Err THEN
IF Dnb3=0 THEN 470
IF Nbr3/Dnb3<Err*Err THEN
GOTO 530
END IF
END IF
END IF
L=L+1
GOTO 250
Bp(1)=Facm*Bp(1)
Bp(2)=Facm*Bp(2)
Bp(3)=Facm*Bp(3)
CALL Geomfldb_e{Ct,St,Cp,Sp,Bp(*),Ep(*),Rds(*),B(*),E(*))
PRINT E(*) !DC electric field in original frame(volt/meter)
PRINT

PRINT B(*) !DC magnetic field in original frame(tesla)
END
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PROGRAM CRDIPSPHDC

10
20
30
40
50
60
70
80
90
100
110
120
130
140
141
150
170
180

OPTION BASE 1
DIM Xf(3),Xd(3),P(3),Rds(3,3),Bp(3),Ep(3),B(3),.E(3)
DIM P1(100),P1d(100),Et(3),Bt(3)

INPUT "MEDIUM AND SPHERE CONDUCTIVITIES(MHO/M)?",Sm,Ss
INPUT "RELATIVE PERMEABILITY OF MEDIUM AND SPHERE?" Mm,Ms

INPUT "POSITION OF FIELD POINT?(M)" X£(*)
INPUT "POSITION OF SOURCE POINT?(M)",Xd(*)
INPUT "CURRENT DIPOLE MOMENT VECTOR?(AMP-M)",P(*)

INPUT " SPHERE RADIUS(M) AND MAXIMUM POLAR ANGLE INDEX?",A Ell

Emr=1.E-6
Lmax=Eli+1
MO0=4*PI*1.E-7
Facm=M0¥*Mm/4/PI/A
Face=1/4/PI/A/Sm
T=Ms/Mm
Ee=Ss/Sm

!Only medium constants to here
CALL Geomdipsph(Xd(*),P(*),Rds(*),R0,Pr,Pt)
CALL Geomfldpos(Xf(*),Rds(*),R,Ct,St,Cp,Sp)
REDIM Pl(Lmax),Pld(LLmax)
CALL Pl_pldot(Lmax-1,Ct,P1(¥),Pld(*))
MAT Ep= (0)
MAT Bp= (0)
Rat=A*A/R/R0
Ratl=Rat
L=2
MAT Et= (0)
MAT Bt= (0)
Ratl=Ratl*Rat
Dt=1/((T+1)*(L-1)+1)
De=1/((Ee+1)*(L-1)+1)
Bt(1)=(T-1)*Pt*St*Sp*L*Rat*Pld(L)*Dt
Et(1)=(Ee-1)*Pr*L*L*(L-1)*PI(L)*Ratl*De
Et(1)=Et(1)-(Ee-1)*Pt*Cp*St*L*(L-1)*Ratl*PIld(L)*De
Bt(2)=Pt*Sp*(Ee-1)*Ratl*Pld(L)/R0*De
Bt(2)=Bt(2)-Pt*Sp*(T-1)*(L*(L-1)*PI(L)-Ct*Pld(L))*Ratl/R*Dt
Et(2)=(Ee-1)*Pr*St*L*(L-1)*Ratl*Pld(L)*De
Et(2)=Et(2)+(Ee-1)*Pt*Cp*(L-1)*Ratl*(L*(L-1)*PI(L)-Ct*Pld(L))*De
Bt(3)=(Ee-1)*Pr*St*L*Ratl*Pld(L)*De/R0O
Bt(3)=Bt(3)+(Ee-1)*Pt*Cp*(L*(L-1)*PI(L)-Ct*Pld(L.))*Ratl/R0*De
Bt(3)=Bt(3)-(T-1)*Pt*Cp*Ratl*PId(L)/R*Dt
Et(3)=-Pt*Sp*(Ee-1)*(L-1)*Ratl*Pld(L)*De
MAT Bp= Bp+Bt
MAT Ep=Ep+Et
Ner1=Et(1)*Et(1)
Ner2=Et(2)*Et(2)
Ner3=Et(3)*Et(3)
Dnel=Ep(1)*Ep(1)
Dne2=Ep(2)*Ep(2)
Dne3=Ep(3)*Ep(3)
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510
520
530
540
550
560
570
580
590

610
620
630

650
660
670
680
690
700
710
720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
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Nbr1=Bt(1)*Bt(1)
Nbr2=Bt(2)*Bt(2)
Nbr3=Bt(3)*Bt(3)
Dnb1=Bp(1)*Bp(1)
Dnb2=Bp(2)*Bp(2)
Dnb3=Bp(3)*Bp(3)
IF L=Lmax THEN 790
IF Dnb1=0 THEN 600
IF Nbr1/Dnb1<Err*Err THEN
IF Dnb2=0 THEN 620
IF Nbr2/Dnb2<Err*Err THEN
IF Dnb3=0 THEN 640
IF Nbr3/Dnb3<Err*Err THEN
IF Dnel1=0 THEN 660
IF Nerl/Dnel<Err*Emr THEN
IF Dne2=0 THEN 680
IF Ner2/Dne2<Err*Err THEN
IF Dne3=0 THEN 700
IF Ner3/Dne3<Err*Err THEN
GOTO 790
ENDIF
END IF
END IF
END IF
END IF
END IF
L=L+1
GOTO 270
Bp(1)=Facm*Bp(1)/R
Ep(1)=Face*Ep(1)/R/RO
Bp(2)=Facm*Bp(2)
Ep(2)=Face*Ep(2)/R/R0
Bp(3)=Facm*Bp(3)
Ep(3)=Face*Ep(3)/RO/R
CALL Geomfldb_e(Ct,St,C, ,.Sp,Ep(¥),Ep(*),Rds(*),B(*),E(*))
PRINT E(*) !DC electric field in original frame(volt/meter)

870 PRINT

880

PRINT B(*) !DC magnetic field in original frame(tesla)

890 END

10
20
30
40
50
60
70
80
90
100
110

S'UB Geomdipsph(D(*),V(*),R(*),Dm, Vr, Vt)

!Produces transformation R(*) from general frame with source com-
!ponents D(*) and moment components V(*) to the standard frame
!with source on the z-axis, radial component Vr, and tangential
Icomponent Vt oriented along the positive x-axis.

1

OPTION BASE 1

DIM R1(3,3),R2(3,3),R3(3,3),Rt(3,3),Vtm(3)
MAT Ri=(0)

MAT R2= (0)
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440
450
460
470
480
490
300
510
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MAT R3=(0)
Dh=SQR(D(1)*D(1)+D(2)*D(2))
Dm=SQR(Dh*Dh+D(3)*D(3))
Std=Dh/Dm
Ctd=D(3)/Dm
IF Std>1.E-12 THEN
Cpd=D(1)/Dh
Spd=D(2)/Dh
R1(1,1)=Cpd
R1(1,2)=Spd
R1(2,1)=-Spd
R1(2,2)=Cpd
R1(3,3)=1
R2(1,1)=Ctd
R2(1,3)=-Std
R2(2,2)=1
R2(3,1)=Std
R2(3,3)=Ctd
MAT Rt= R2*R1
ELSE
MAT Rt=IDN
ENDIF
MAT Vtm= Rt*V
Yh=SQR(Vtm(1)*Vtm(1)+Vtm(2)*Vtm(2))
Vm=SQR(Vh*Vh+Vtm(3)*Vtm(3))
IF Vh/Vm>1.E-12 THEN
Cpv=Vtm(1)/Vh
Spv=Vtm(2)/Vh
R3(1,1)=Cpv
R3(1,2)=Spv
R3(3,1)=0
R3(2,1)=-Spv
R3(2,2)=Cpv
R3(3,3)=1
ELSE
MAT R3=IDN
END IF
MAT R=R3*Rt
Vt=Vh
Vr=Vtm(3)

520 SUBEND
10 SUB Geomfldpos(Xf(*),Rds(*),R,Ct,St,Cp,Sp)

20
30
40
50
60
70
80
90
100

!Transforms field point in general frame to special dipole-
!Sphere frame and converts it to polar coordinates in that

{Frame.
!
OPTION BASE 1
DIM X(3)
MAT X= Rds*Xf
Rh=SQRX(1)*X(1)+X(2)*X(2))
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R=SQR[Rh*Rh+X(3)*X(3))

St=Rh/R

Ct=X(3)/R

IF St>1.E-12 THEN
Cp=X(1)/Rh
Sp=X(2)/Rh

ELSE
Cp=1
Sp=0

ENDIF

SUBEND

SUB Geomfldb_e(Ct,St,Cp,Sp,Bp(*),Ep(*),Rds(*),B(*),E(*))

!Transforms complex polar coordinate fields in the special
IDipole-sphere frame to cartesian coordinates in that frame
!And then rotates the fields back to the original general
!Frame.

!

OPTION BASE 1

DIM Irds(3,3),Pc(3,3),Et(3,2),Bt(3,2)
MAT Irds= INV(Rds)
Pc(1,1)=St*Cp
Pc(1,2)=Ct*Cp
Pc(1,3)=-Sp
Pc(2,1)=St*Sp
Pc(2,2)=Ct*Sp
Pc(2,3)=Cp
Pc(3,1)=Ct
Pc(3.2)=-St
Pc(3,3)=0
MAT Bt= Pc*Bp
MAT Et= Pc*Ep
MAT B= Inds*Bt
MAT E= Inds*Et

SUBEND

SUB Jeomb(L,Ur,Ui,R JrJiJcr Jci)
CALL Spherejnz(L,Ur,Ui,Jr.Ji)
CALL Spherejnz(L+1,Ur,Ui,J1r,J 1i)
Jer=((L+1)*Jr-(Ur*J 1r-Ui*J11))/R
Jei=((L+1)*Ji-(Ur*J1i+Ui*J1n))/R

SUBEND

SUB Hcomb(L,"Jr,Ui,R,Hr,Hi,Hcr,Hci)
CALL Spherehnz(L,Ur,Ui,Hr,Hi)
CALL Spherehnz(L+1,Ur,Ui,H1r,H1i)
Hcer=((L+1)*Hr-(Ur*H1r-Ui*H1i))/R
Hci=((L+1)*Hi-(Ur*H1i+Ui*H1r))/R

SUBEND
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10 SUB Spherejnz(N,Zr,Zi,Sjr,Sji)

20 CALL Jnuevrywhr(N+.5,Zr,Zi,Jr,Ji)
30 Dm=Zr*Zr+Zi*Zi

40 Ur=Zr/Dm

50 Ui=-Zi/Dm

60 Nm=SQR(Ur*Ur+Ui*Ui)

70  Sur=SQR((Nm+Ur)/2)

80 Sui=SGN(Ui)*SQR(ABS(Nm-Ur)/2)
90  Sjr=SQR(PI/2)*(Sur*Jr-Sui*Ji)

100 Sji=SQR(PI/2)*(Sur*Ji+Sui*Jr)
110 SUBEND

10 SUB Spherehnz(N,Zr,Zi,Shr,Shi)
20 CALL Hnuevrywhr(N+.5,Zr,Zi,Hr,Hi)
30 Dm=Zr*Zr+Zi*Zi

40 Ur=Zr/Dm

50 Ui=-Zi/Dm

60 Nm=SQR(Ur*Ur+Ui*Ui)

70  Sur=SQR((Nm+Ur)/2)

80 Sui=SGN(Ui)*SQR(ABS(Nm-Ur)/2)
90 Shr=SQR(PI/2)*(Sur*Hr-Sui*Hi)
100  Shi=SQR(PL2)*(Sur*Hi+Sui*Hr)
110 SUBEND

10 SUB Jnuevrywhr(Nu,Zr,Zi,Jr,Ji)
20 Zmag=SQR(Zr*Zr+Zi*Zi)

30 IF Nu<10 THEN

40 IF Zmag<10 THEN

50 CALL Jnu(Nu,Zr,Zi,Jr,Ji, 1. E-28)
60 ELSE

70 IF Nu=0 THEN

80 CALL Jnasy(Nu,Zr,Zi,Jr,Ji,5)

90 ELSE

100 CALL Jfiuniasym(Nu,Zr,Zi,Jr,Ji,5)
110 END IF

120 ENDIF

130 ELSE

140  CALL Jfiuniasym(Nu,Zr,Zi,Jr,Ji,5)
150 ENDIF

160 SUBEND

10 SUB Hnuevrywhr(Nu,Zr,Zi,Hr,Hi)

20 Zmag=SQR(Zr*Zr+Zi*Zi)

30 IF Nu<10 THEN

40 IF Zmag<10 THEN

50 CALL H1nu(Nu,Zr,Zi,Hr,Hi,1.E-28)
60 ELSE

70 IF Nu=0 THEN

80 CALL Hlnasy(Nu,Zr,Zi,Hr,Hi,5)
90 ELSE

100 CALL Hfkuniasym(Nu,Zr,Zi Hr,Hi,5)
110 END IF

A-15



NCSC TR 426-90

120 ENDTF
130 ELSE

140  CALL Hfkuniasym(Nu,Zr,Zi,Hr,Hi,5)
150 ENDIF

160 SUBEND

10 SUBPI Tpldot(N,X,Pl(*),Pldot(*))
20 Pl(1)=
30 IFN=0 THEN 60

40 PI2)=X

50 IFN=1 THEN 80

60  Pldot(1)=0

70  IF N=0 THEN 170

80 Pldot(2)=1

90 IFN=1 THEN 170

100 FOR L=3 TO N+1

110 Cl=1/L-1)

120 C2=1-Cl

130 C3=2-C1

140 PI(L)=C3*X*PI(L-1)-C2*PI(L-2)

150  Pldot(L)=(C3*X*Pldot(L-1)-Pldot(L-2))/C2
160 NEXTL

170 SUBEND

10 SUB Nde(Lmax,K1r,K1i,K2r,K2i,Mur,R,Ndea(*))
20 Ulr=K1r*R

30 Uli=Kli*R

40 U2r=K2r*R

50 U2i=K2i*R

60 FOR L=1 TO Lmax

70 ON ERROR GOTO 110

80 CALL Spherejnz(L-1,U1r,U1iJ1r,J1i)
90 CALL Spherejnz(L,U1r,Uli,J11r,J11i)
100 GOTO 140

110  Jlrar=0

120  Jlrati=l

130 GOTO 190

140 Dm=J1r*J1r+J1i*]J1i

150 Rpr=J1r/Dm

160  Rpi=-J1i/Dm

170  Jlrar=Rpr*J11r-Rpi*J11i

180  Jlrati=Rpr*J11i+Rpi*J11r

190 OFF ERROR

200 CALL Spherejnz(L-1,U2r,U2i,J2r,J2i)
210  CALL Spherejnz(L,U2r,U2i,J21r,J21i)
220  CALL Spherehnz(L-1,U2r,U2i,H2r H2i)
230 CALL Spherehnz(L,U2r,U2i,H21r,H21i)
240  NblIr=L*J2r-(U2r*J21r-U2i*]J21i)

250  Nbli=L*J2i-(U2r*J21i+U2i*J21r)

260  Nb2r=L-(Ulr*Jlratr-Uli*J1rati)

270  Nb2i=-(Uli*J1rati+Uli*J1ratr)

280  Topr=Mur*Nbir-(J2r*Nb2r-J2i*Nb2i)

A-16




290
300
310
320
330
340
350
360
370
380
390
400

10

20

30

40

50

60

70

80

90

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390

NCSC TR 426-90

Topi=Mur*Nb1i-(J2r*Nb2i+J2i*Nb2r)
Dblr=L*H2r-(U2r*H21r-U2i*H21i)
Dbli=L*H2i-(U2r*¥H21i+U2i*H21r)
Btmr=Mur*Db1r-(H2r*Nb2r-H2i*Nb2i)
Btmi=Mur*Db1li-(H2r*Nb2i+H2i*Nb2r)
Bm=Btmr*Btmr+Btmi*Btmi
Rbmr=Btmr/Bm
Rbmi=-Btmi/Bm
Ndea(L,1)=-(Topr*Rbmr-Topi*Rbmi)
Ndea(L,2)=-(Topr*Rbmi+Topi*Rbmr)
NEXTL
SUBEND

SUB Ndm(Lmax,K1r,K1i,K2r,K2i,Mur,R,Ndma(*))
Ulr=KI1r*R
Uli=K1i*R
U2r=K2r*R
U2i=K2i*R
K1sqr=K1r*K1r-K1i*K1i
K1sqi=2*K1r*K1i
K2sqr=K2r*K2r-K2i*K2i
K2sqi=2*K2r*K2i
Dm=K1r*K1r+K1i*K1i
Rpr=K1r/Dm
Rpi=-K1i/Dm
Ep2r=Rpr*K2r-Rpi*K2i
Ep2i=Rpr*K2i+Rpi*K2r
FOR L=1 TO Lmax
ON ERROR GOTO 200
CALL Spherejnz(L-1,U1r,U1i,J1r,J1i)
CALL Spherejnz(L,U1r,U1i,J11r,J11i)
GOTO 230
Jlratr=0
Jlrati=1
GOTO 280
Dm=J1r*J1r+J1i*J1i
Rpr=J1r/Dm
Rpi=-J1i/Dm
Jlratr=Rpr*J11r-Rpi*J11i
Jlrati=Rpr*J11i+Rpi*J11r
OFF ERROR
CALL Spherejnz(L-1,U2r,U2i,J2r,J2i)
CALL Spherejnz(L,U2r,U21,J21r,J21i)
CALL Spherehnz(L-1,U2r,U2i,H2r,H2i)
CALL Spherehnz(L,U2r,U2i,H21r,H21i)
Nb1r=L*J2r-(U2r*J21r-U2i*J21i)
Nb1li=L*J2i-(U2r*J21i+U2i*J21r)
Nb2r=L-(Ulr*J1ratr-Uli*J1rati)
Nb2i=-(U1r*J1rati+Uli*J1ratr)
Nfacr=Mur*(Ep2r*J2r-Ep2i*J2i)
Nfaci=Mur*(Ep2r*J2i+Ep2i*J2r)
Topr=Nb1r-(Nfacr*Nb2r-Nfaci*Nb2i)
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400  Topi=Nbli-(Nfacr*Nb2i+Nfaci*Nb2r)
410 Dblr=L*H2r-(U2r*H21r-U2i*H21i)
420 Dbli=L*H2i-(U2r*H21i+U2i*H21r)
430  Dfacr=Mur*(Ep2r*H2r-Ep2i*H2i)
440  Dfaci=Mur*(Ep2r*H2i+Ep2i*H2r)
450 Btmr=Dblr-(Dfacr*Nb2r-Dfaci*Nb2i)
460 Btmi=Dbli-(Dfacr*Nb2i+Dfaci*Nb2r)
470 Bm=Btmr*Btmr+Btmi*Btmi

480 Rbmr=Btmr/Bm

490 Rbmi=-Btmi/Bm

500 Ndma(L,1)=-(Topr*Rbmr-Topi*Rbmi)
510 Ndma(L,2)=-(Topr*Rbmi+Topi*Rbmr)
520 NEXTL

530 SUBEND

10 SUB Ndeicon(Lmax,K2r,K2i,R,Ndea(*))
20 U2r=K2r*R

30 U2i=K2i*R

40 FOR L=1TO Lmax

50 CALL Spherejnz(L-1,U2r,U2i,J2r,J2i)
60 CALL Spherehnz(L-1,U2r,U2i,H2r,H2i)
70 Den=H2r*H2r+H2i*H2i

80 Ih2r=H2r/Den

90 Th?i=-H2i/Den

100  Ndea(L,l)=-(J2r*Ih2r-J2i*Ih2i)

110  Ndea(L,2)=-(J2r*Ih2i+J2i*Ih2r)

120 NEXTL

130 SUBEND

140 SUB Ndmicon(Lmax,K2r,K2i,R,Ndma(*))
150 U2r=K2r*R

160 U2i=K2i*R

170 FOR L=1 TO Lmax

180  CALL Spherejnz(L-1,U2r,U2i,J2r,J2i)
190  CALL Spherejnz(L,U2r,U2i,J21r,J21i)
200 CALL Spherehnz(L-1,U2r,U2i H2r H2i)
210 CALL Spherehnz(L,U2r,U2i,H21r,H21i)
220 A=U2r*H21r-U2i*H21i

23¢  B=U2r*H21i+U2i*H21r

240 C=H2r*L-A

250 D=H2i*L-B

260 Den=C*C+D*D

270  Ihr=C/Den

280  Ihi=-D/Den

290  A=U2r*)21r-U2i*J21i

300 B=U2r*J21i+U2i*J21r

310 C=J2r¢L-A

320 D=J2i*L-B

330  Ndma(L,1)=-(C*Ihr-D*Ihi)

340 Ndma(L,2)=-(C*Ihi+D*Ihr)

350 NEXTL

360 SUBEND
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SERIES REPRESENTATIONS(v< 10,]z| <10)
The Bessel functions of the first kind J,(z) can be constructed from the series representation

‘2

Jv(2)=(%)v > (-7).

k=ok!I'(V+k+1). (A1)

The Hankel function, or Bessel function of the third kind for "outgoing waves", H(z) is
related to J,(z) and the Bessel functions of the second kind, Y,(z), by

H(z) =T (2)+iY (2). (A2)

For non-integral values of v, Y,(z) can be defined by

_JU2) cos(vrt) —J_(2)
o) =—qwm

(A3)

but for integer values of v, it is necessary to use the more complicated expression

_ (%)—u"" M ES F 2 (2
Le=— EJ”"“%(Z) *7:‘"(5)’»")
o (5]
TR VT DAk D T
(A4)
where y(n) is given by
a-1
VD=, Y=y Ty (122) (a3)

and vy is the Euler constant 0.577215664901532860606512.

In the following seven subroutines, the functions J,(z) and H"Y(z)are generated. Use of these

routines has been restricted to cases where the magnitudes of v and z do not exceed 10. For larger

values of v and z, various asymptotic techniques are used. The discussion of these begins below,
after the series expansion routines.
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SUB Jn(N,Zzr,Zzi Jor,Jni,Err)
IN is the (Integer) order.
1Zzr and Zzi are the real and imaginary parts of the argument.
!Jnr and Jni are the real and imaginary parts of the Bessel function.
!Err is the relative truncation error in the truncation of the series
lexpansion of the Bessel function.
M=0
Zr=Zzr/2
Zi=Zzif2
U2=Zi*Zi-Zr*Zr
V2=-2%Zr*Zi
IF N=0 THEN
Tr=1
Ti=0
Dr=Tr
Di=Ti
ELSE
U=l
V=0
FORL=1TON
Ut=U*Zr-V*Zi
Vi=U*Zi+V*Zr
U=Ut/L
V=V{L
NEXTL
Tr=U
Ti=V
Dr=Tr
Di=Ti
END IF
M=M+1
Ttr=(Tr*U2-Ti*V2)/M/(M+N)
Tt=(Tr*V2+Ti*U2)/M/(M+N)
Tr=Ttr
Ti=Td
Dr=Dr+Tr
Di=Di+Ti
IF (Tr*Tr+Ti*Ti)/(Dr*Dr+Di*Di)<Err*Err THEN 400
GOTO 310
Jnr=Dr
Jni=Di
SUBEND

SUB HIn(N,Zzr,Zzi,HInr,H1ni,Err)
IN is the (Integer) order
!Zzr and Zzi are the real and imaginary parts of the argument.
'Hlnr and H1ni are the real and imaginary parts of the Bessel
Ifunction. Err is the relative truncation error in the truncation

lof the series expansion of the Bessel function.
M=0
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80 Zr=Zzt2
90 Zi=Zz/2

100
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580
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P1=0
P2=0
CALL Prinlogz(Zr,Zi,Lr,Li)
Gam=.577215664901533
Cr=PI-2*Li
Cii=2*(Gam+Lr)
U2=Zi*Zi-Zr*Zr
V2=-2%7r*Zi
IF N=0 THEN
Sr=0
Si=0
Pwr=1
Pwi=0
Dr=Cr
Di=Cii
ELSE
U=1
v=0
Nm=1
FORL=1TON
Ut=U*Zr-V*Zi
Vi=U*Zi+V*Zr
U=UvL
V=Vt/L
P2=P2+1/L
Nm=Nm*L
NEXTL
Dn=U*U+V*V
Uu=-V/Dn/Nm
Vv=-U/Dn/Nm
Nm=Nm/N
Pwr=U
iV
Sr=Nm*Uu
Si=Nm*Vv
Dr=Cr*Pwr-(Cii-P2)*¥Pwi+Sr
Di=Cr*Pwi+(Cii-P2)*Pwr+Si
END IF
M=M+1
P1=P1+1/M
P2=P2+1/(N+M)
Pwrt=(Pwr*U2-Pwi*V2)/M/(M+N)
Pwit=(Pwr*V2+Pwi*U2)/M/(M+N)
Pwr=Pwrt
Pwi=Pwit
Ci=Cii-P1-P2
Tr=Pwr*Cr-Pwi*Ci
Ti=Pwi*Cr+Pwr*Ci
Dr=Dr+Tr
Di=Di+Ti
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IF M<N THEN
Ssr=-(Sr*U2-Si*V2)/M/(N-M)
Ssi=-(Sr*V2+Si*U2)/M/(N-M)
Sr=Ssr
Si=Ssi

ELSE
Sr=0
Si=0

ENDIF

Dr=Dr+Sr

Di=Di+Si

IF (Tr*Tr+Ti*Ti)/(Dr*Dr+Di*Di)<Err*Err THEN 730

GOTO 480

H1lnr=Dr/PIl

H1ni=Di/PI

SUBEND

10 SUB Jnu(Nu,Zzr,Zzi,Jnur,Jnui,Err)

20

30

40

50

60

70

80

90

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330

INu is the order
1Zzr and Zzi are the real and imaginary parts of the argument.
!Jnur and Jnui are the real and imaginary parts of the Bessel
!function. Err is the relative truncation error in the truncation
lof the series expansion of the Bessel function.
M=0
Zr=Zz[2
Zi=Zzi[2
U2=Zi*Zi-Zr*Zr
V2=-2*Zr*Zi
U=l
V=)
Dn=1
Dr=1
Di=0
M=M+1
Ut=U*U2-V*V2
Vi=U*V2+V*U2
U=Ut
V=Vt
Dn=Dn*(Nu+M)*M
Tr=U/Dn
Ti=V/Dn
Dr=Dr+Tr
Di=Di+Ti
IF (ABS(Tr)+ABS(Ti))/(ABS(Dr)+ABS(Di))<Err THEN 290
GOTO 170
Jnur=Dr
Jnui=Di
N=INT(Nu)
Eps=Nu-N
CALL Gamma(Nu+ 1,G0)
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CALL Prinlogz(Zr,Zi,Lzr 1 z)
Mo=EXP(Eps*Lzr)
Ph=Eps*Lz
Cr=Mo*COS(Ph)
Ci=Mo*SIN(Ph)
M=0
Jr=(Cr*Jnur-Ci*Jnui)/GO
Ji=(Cr*Jnui+Ci*Jnur)/G0
U=l
V=0
IF N<O THEN 570
IF N=0 THEN 670
U=
V=Zi
=M+1
IF M=N THEN 670
Ut=U*Zr-V*Zi
Vi=U*Zi+V*Zr
U=Ut
V=Vt
M=M+1
IF M=N THEN 670
GOTO 500
Ut=U*Zr-V*Zi
Vi=U*Zi+V*Zr
U=Ut
V=Vt
M=M-1
IF M=N THEN 640
GOTO 570
Dnm=U*U+V*V
U=U/Dnm
=-V/Dnm
Jnur=U*Jr-V*Ji
Jnui=U*Ji+V*Jr
SUBEND

SUB H1lnu(Nu,Zr,Zi,HInur,Hlnui,Err)

1See Jnu.
CALL Jnu(Nu,Zr,Zi JrJi,Err)
CALL Jnu(-Nu,Zr,Zi,Jmr,Jmi,Err)
C=COS(Nu*PI)
S=SIN(Nu*PI)
Hlnur=Jr-(C*Ji-Jmi)/S
H1nui=Ji+(C*Jr-Jmr)/S

SUBEND
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10 SUB Prinlogz(Zr,Zi,Lzr,Lzi)
20 Lzr=LOG(Zr*Zr+Zi*Zi)/2
30 CALL Atn2(Zr,Zi,l.zi)

40 SUBEND

10 SUB Atn2(X,Y,Theta)
20 IFX=0THEN

30 IF Y<0 THEN

40 Theta=-PI/2

50 ELSE

60 Theta=PI/2
70 END IF

80 GOTO 200
90 ENDIF

100 Theta=ATN(Y/X)
110 IF X>=0 THEN
120  Theta=Theta

130 ELSE

140 IF Y>=0 THEN
150 Theta=Theta+PI
160 ELSE

170 Theta=Theta-PI
180 ENDIF

190 ENDIF

200 SUBEND

10 SUB Gamma(X,G)

20 OPTION BASE 1

30 !

40 !Computes Gamma(x) for any real x(where defined).
50 !Precision is 1E-12

60 !

70 DIM A(20),Z(20)

80 IFX=1THEN

90 G=1

100 GOTO 540
110 ENDIF

120 IF X>=1 THEN
130 Xx=X

140 Y=l

150 Xx=Xx-1

160  IF Xx>=0 AND Xx<=1 THEN GOTO 280
170 Y=Xx*Y

180  Xx=Xx-1

190 GOTO 160
200 ELSE

210 Xx=X-1

220 Y=1
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230 Xx=Xx+1

240 Y=Y/Xx

250 IF Xx>=0 AND Xx<=1 THEN 280
260 GOTO 230

270 ENDIF

280 A(1)=1

290 A(2)=.57721566490
300 A(3)=-.65587807152
310 A(4)=-.04200263503
320 A(5)=.16653861138
330 A(6)=-.04219773456
340 A(7)=-.00962197153
350 A(8)=.00721894325
360 A(9)=-.00116516759
370 A(10)=-.00021524167
380 A(11)=.00012805028
390 A(12)=-.00002013485
400 A(13)=-.00000125049
410 A(14)=.00000113303
420  A(15)=-.00000020563
430 A(16)=.00000000612
440 A(17)=.00000000500
450 A(18)=-.00000000118
460  A(19)=.00000000010
470  A(20)=.00000000001
480 Z(1)=Xx

490 FORI=2TO 20

500 Z@=Xx*Z(-1)

510 NEXTI

520 Gi=DOT(A,Z)

530 G=Y*Xx/Gi

540 SUBEND

ASYMPTOTIC REPRESENTATIONS (v < 10,]z| > 10)

For v < 10 and large values of z, the following asymptotic expansions are useful

Jv(2)=‘\/%{P(v,z)cosx-Q(v,Z)sinx} (A6)
and
) 2 - ; |
H! (2)=\/E{P(v,z)+lQ(v,Z)}e x (A7)

where x =z —(%v +§)1t and, with = 4v?, the functions P (v, z) and Q (v, z) are given by
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k(V 2k)

P(v,z)~ 2( ~1) === 227 (A8)
0.2 Z (A9

and
wo=1 ., ®2=e-0E2 | wo=e-ne-9e-2L32 - @

and
wh=p-1 , ®H=@-neE-9L= (Al1)

The next four subroutines apply these expressions to the calculation of the Bessel functions.

10 SUB Jnasy(N,Zr,Zi,Jnr,Jni,Trms)

20 !Note: Valid for arbitrary real N

30 1Zr and Zi real and imaginary parts of argument
40 !Jnr and Jni real and imaginary parts of the Bessel function.
50 !Trms is the number of terms retained in the asymptotic expansion.
60 CALL Pnz(N,Zr,Zi,Pnr,Pni,Trms)

70 CALL Qnz(N,Zr,Zi,Qnr,Qni, Trms)

80 Chir=Zr-(2*N+1)*Pl/4

90 Chii=Zi

100 E=EXP(Chii)/2

110 Ei=1/4/E

120 C=COS(Chir)

130  S=SIN(Chir)

140 Cor=C*(E+Ei)

150 Coi=-S*(E-Ei)

160 Sir=S*(E+Ei)

170  Sii=C*(E-Ei)

180 Utlr=Pnr*Cor-Pni*Coi-Qnr*Sir+Qni*Sii

190  Utli=Pnr*Coi+Pni*Cor-Qnr*Sii-Qni*Sir

200 Zm=SQR(Zr*Zr+Zi*Zi)

210 Aa=SQR((Zm+Zr)/2)

220 Bb=SQR((Zm-Zr)/2)

230 Cc=Aa*Aa+Bb*Bb

240 Dd=SQR(2/PI)/Cc

250 Jnr=Dd*(Utlr* Aa+Utli*Bb)

260 Jni=Dd*(-Utlr*Bb+Utli*Aa)

270 SUBEND
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SUB H1nasy(N,Zr,Zi,H1nr,H1ni,Trms)

!Note: Valid for arbitrary real N

!Zr and Zi real and imaginary parts of argument
tH1nr and H1ni real and imaginary parts of the Bessel function.
ITrms is the number of terms retained in the asymptotic expansion.

CALL Pnz(N,Zr,Zi,Pnr,Pni,Trms)
CALL Qnz(N,Zr,Zi,Qnr,Qni, Trms)
Chir=Zr-(2*N+1)*Pl/4
Chii=Zi
E=EXP(-Chii)
C=COS(Chir)
S=SIN(Chir)
Utlr=(Pnr-Qni)*C-(Pni+Qnr)*S
Utli=(Pnr-Qni)*S+(Pni+Qnr)*C
Zm=SQR(Zr*Zr+Zi*Zi)
Aa=SQR((Zm+Zr)/2)
Bb=SGN(Zi)*SQR((Zm-Zr)/2)
Cc=Az2*A2+Bb*Bb
Dd=E*SQR(2/PI)/Cc
Hinr=Dd*(Utlr*Aa+Utli*Bb)
H1ni=Dd*(-Utlr*Bb+Utli*Aa)
SUBEND

SUB Pnz(N,Zr,Zi,Pnr,Pni,Trms)
'Used with Jnasy and Hlnasy.
M=0
Mu=4*N*N
Tr=1
Ti=0
Dr=Tr
Di=Ti
U2=64*(Zr*Zr-Zi*Zi)
V2=128*Zr*Zi
Dn=U2*U2+V2*V2
=-U2/Dn
V=V2/Dn
M=M+2
Ttr=Tr*U-Ti*V
Tu=Tr*V+Ti*U
Tr=Ta/M/(M-1)
Ti=Tti/M/(M-1)
Fac=1
FOR I=1 TO 2*M-1 STEP 2
Fac=Fac*(Mu-I*I)
NEXT1
Dr=Dr+Tr*Fac
Di=Di+Ti*Fac
IF M/2+1<Trms THEN 140
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Pnr=Dr
Pni=Di

280 SUBEND

10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290

UNIFORM SYMPTOTIC REPRESENTATION (v > 10,]z] >10,v>|z|)

SUB Qnz(N,Zr,Zi,Qnr,Qni,Trms)

1Used with Jnasy and Hlnasy.
M=1
Mu=4*N*N
Dnm=8*(Zr*Zr+Zi*Zi)
Tr=Zr/Dnm
Ti=-Zi/Dnm
Dr=Tr¥*(Mu-1)
Di=Ti*(Mu-1)
U2=64*%(Zr*Zr-Zi*Zi)
V2=128*Zr*Zi
Dn=U2¥U2+V2*V2
U=-U2/Dn
V=V2/Dn
M=M+2
Tir=Tr*U-Ti*V
Tt=Tr*V+Ti*U
Tr=Tt/M/(M-1)
Ti=Tt/M/(M-1)
Fac=1
FOR 1I=1 TO 2¥M-1 STEP 2
Fac=Fac*(Mu-I*I)
NEXTI
Dr=Dr+Tr*Fac
Di=Di+Ti*Fac
IF (M+1)/2<Trms THEN 150
Qnr=Dr
Qni=Di
SUBEND

Abramowitz and Stegun®! give uniform asymptotic expansions for the modified Bessel
functions /,(z) and K,(z). These functions can be used to generate the functions J,(z) and H(z) by

means of the identities

and

L@=e 17
i = %
H,(,')(z) =7-e 2 Kv(ze 2)
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where the argument of z is restricted to —/2 <arg z <. This restriction causes no problem, since
the argument of z in electromagnetic applications is limited to 0 Sargz < 2.

The uniform asymptotic expansions for 1,(z) and K,(z) are given by (w =z/v)

Iz )~—2—‘l—m——m{ 1+ é:l "’;(:) } (Al4)
and
Kz )~T"i——"w};{1 +§l£_—l)—;'-"‘—('l} (Al5)
where
f=—te and n=-1-+h{l'1} (A16)
1+w? : 1+

The asymptotic representation of the product of J, and H{" can be constructed from the product

of their asymptotic representations, and this will help avoid overflow and underflow problems in
computations. The product is

—2i M -Hx ~x
Jv(z)Hs"(z')=Te 1 ze?)xv(z,;) (A17)

where

(m-vn) = u(1) - (_1)*uk(,')
Iv(z)K\,(z’)~ ¢ Il + X —}{1 + 3 -—,—} (A18)
NwNI+w)ewAl =t VL s v

The functions u,(t) are defined by
U t)=1 (A19)

and
U (0) =%:’(1 — ) +%fo' (1 - Py, (x). (A20)

Abramcwitz and Stegun® give the functions u, for values of k =0 thru 4 and give references
for k=5 and 6. The following is a general method for generating u, for any k. Use the representation
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w() =8, " +a, 2+ ta R e

Then the coefficients are given by the following recursion formulas

LTI 2 78k +1)

I k+2i 1 —a k+26-1) 5
41 =) T TR+ 1+ 20) ki - 2 8k +1+2i)

and

) g [k*2%, 3
pet k41— G, 2 8k +1+2{k+1})

wherei =1,2,...,k.

10 SUB inuniasym(Nu,Zr,Zi,Jr,Ji,Trms)

20 INu is the order.

30 !Zr and Zi real and imaginary parts of argument

40 1Jr and Ji real and imaginary parts of the Bessel function.
50 ITrms is the number of terms retained in the asymptotic expansion.
60 DIM A(10,10),U(10,2),T(30,2)

70  REDIM A(Trms,Trms),U(Trms,2),T(3*Trms,2)

80 Wr=Zi/Nu

90 Wi=-Zr/Nu

100 Ur=1+Wr*Wr-Wi*Wi

110 Ui=2*Wr*Wi

120 Um=SQR(Ur*Ur+Ui*Ui)

130 Radr=SQR((Um+Ur)/2)

140 Radi=SGN(Ui)*SQR((Um-Ur)/2)

150 Radm=Radi*Radi+Radr*Radr

160 Sradm=SQR(Radm)

170 Radrir=SQR((Sradm+Radr)/2)

180 Radrti=SGN(Radi)*SQR((Sradm-Radr)/2)

190 Radrtm=Radrtr*Radrtr+Radrti*Radrti

210 Iradrti=-Radrti/Radrtm
220 Tr=Radr/Radm

230 Ti=-Radi/Radm

240 Dnr=1+4Radr

250 Dni=Radi

260 Dnm=Dnr*Dnr+Dni*Dni
270 Nmr=Dnr/Dnm

280 Nmi=-Dni/Dnm
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Dni=Radi

Dnm=Dnr*Dnr+Dni*Dni

Nmr=Dnr/Dnm

Nmi=-Dni/Dnm

Argr=Wr*Nmr-Wi*Nmi

Argi=Wr*Nmi+Wi*Nmr

CALL Prinlogz(Argr,Argi,Lgr,Lgi)

Etar=Radr+Lgr

Etai=Radi+Lgi

CALL Ukcoefs(Trms,A(*))

CALL Uk(Tr,Ti,Trms,A(*),T(¥*),U(*))

Dumr=0

Dumi=0

Nufac=Nu

FOR I=1 TO Trms
Nufac=Nufac/Nu
Dumr=Dumr+U(1,1)*Nufac
Dumi=Dumi+U(I,2)¥Nufac

NEXTI

E=EXP(Nu*Etar)

Co=COS(Nu*Etai)

Si=SIN(Nu*Etai)

Fac=1/SQR(2*PI*Nu)

Facr=Fac*E*(Co*Iradrtr-Si*Iradrti)

Faci=Fac*E*(Co*Iradrti+Si*Iradrtr)

Inur=Facr*Dumr-Faci*Dumi

Inui=Facr*Dumi+Faci*Dumr

Cn=COS(Nu*P1/2)

Sn=SIN(Nu*PI/2)

Jr=Cn*Inur-Sn*Inui

Ji=Cn*Inui+Sn*Inur

SUBEND

SUB Hfkuniasym(Nu,Zr,Zi,H1r,H1i,Trms)

INu is the order.
!Zr and Zi real and imaginary parts of argument

'H1r and H1i real and imaginary parts of the Bessel function.
!Trms is the number of terms retained in the asymptotic expansion.

DIM A(10,10),U(10,2),T(30,2)
REDIM A(Trms,Trms),U(Trms,2),T(3*Trms,2)
Wr=Zi/Nu
Wi=-Zr/Nu
Ur=1+Wr*Wr-Wi*wi
Ui=2*Wr*Wi
Um=SQRUr*Ur+Ui*Ui)
Radr=SQR((Um+Ur)/2)
Radi=SGN(Ui)*SQR((Um-Ur)/2)
Radm=Radi*Radi+Radr*Radr
Sradm=SQR(Radm)
Radrtr=SQR((Sradm+Radr)/2)
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Radrti=SGN(Radi)*SQR((Sradm-Radr)/2)
Radrtm=Radrtr*Radrtr+Radrti*Radrti
Iradrtr=Radrtr/Radrtm
i=-Radrti/Radrtm
Tr=Radr/Radm
Ti=-Radi/Radm
Dnr=1+Radr
Dni=Radi
Dnm=Dnr*Dnr+Dni*Dni
Nmr=Dnr/Dnm
Nmi=-Dni/Dnm
Argr=Wr*Nmr-Wi*Nmi
Argi=Wr*Nmi+Wi*Nmr
CALL Prinlogz(Argr,Argi,Lgr,Lgi)
Etar=Radr+Lgr
Etai=Radi+Lgi
CALL Ukcoefs(Trms,A(*))
CALL UKk(Tr,Ti,Trms,A(*),T(*),U(*))
Dumr=0
Dumi=0
Nufac=-Nu
FOR 1=1 TO Trms
Nufac=-Nufac/Nu
Dumr=Dumr+U(,1)*Nufac
Dumi=Dumi+U(I,2)*Nufac
NEXTI
E=EXP(-Nu*Etar)
Co=COS(Nu*Etai)
Si=-SIN(Nu*Etai)
Fac=SQR(PI/2/Nu)
Facr=Fac*E*(Co*Iradrtr-Si*Iradrti)
Faci=Fac*E*(Co*Iradrti+Si*Iradrtr)
Knur=Facr*Dumr-Faci*Dumi
Knui=Facr*Dumi+Faci*Dumr
Cn=COS(Nu*PI/2)
Sn=-SIN(Nu*P1/2)
Jr=Cn*Knur-Sn*Knui
Ji=Cn*Knui+Sn*Knur
H1r=2*Ji/Pl
H1i=-2*Jr/Pl
SUBEND

10 SUB Jhlproduni(Nu,Nup,Zr,Zi,Zpr,Zpi,Prodr,Prodi,Trms)

20 !Nu and Nup are the orders of the two Bessel functions in the
product.

30 1Zr and Zi are the real and imaginary parts of the argument of one
40 Ifactor and Zpr and Zpi are those for the other factor.

50 !Prodr and Prodi are the real and imaginary parts of the Bessel

60 !function product.

70 !'Trms is the number of terms retained in the asymptotic expansion.
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DIM A(10,10),U(10,2),T(30,2)
REDIM A(Trms,Trms),U(Trms,2),T(3*Trms,2)
Wr=Zi/Nu
Wi=-Zr/Nu
Ur=1+Wr*Wr-Wi*Wi
Ui=2*Wr*Wi
Um=SQRUr*Ur+Ui*Ui)
Radr=SQR((Um+Ur)/2)
Radi=SGN(Ui)*SQR((Um-Ur)/2)
Radm=Radi*Radi+Radr*Radr
Sradm=SQR(Radm)
Radrtr=SQR((Sradm+Radr)/2)
Radrti=SGN(Radi)*SQR((Sradm-Radr)/2)
Radrtm=Radrtr*Radrtr+Radrti¥*Radrti

Dnm=Dnr*Dnr+Dni*Dni

Nmr=Dnr/Dnm

Nmi=-Dni/Dnm

Argr=Wr*Nmr-Wi*Nmi

Argi=Wr*Nmi+Wi*Nmr

CALL Prinlogz(Argr,Argi,Lgr,Lgi)

Etar=Radr+Lgr

Etai=Radi+Lgi

CALL Ukcoefs(Trms,A(¥*))

CALL UK(Tr,Ti,Trms,A(*),T(*),U(*))

Dumr=0

Dumi=0

Nufac=Nu

FOR I=1 TO Trms
Nufac=Nufac/Nu
Dumr=Dumr+U(,1)*Nufac
Dumi=Dumi+U(I,2)*Nufac

NEXT1

MAT U= (0)

Wr=Zpi/Nup

Wi=-Zpr/Nup

Ur-l+Wr*Wr-W1*W1

Ui=2*Wr*Wi

Um=SQR(Ur*Ur+Ui*Ui)

Radr=SQR((Um+Ur)/2)

Radi=SGNUi)*SQR((Um-Ur)/2)

Radm=Radi*Radi+Radr*Radr

Sradm=SQR(Radm)

Radrtr=SQR((Sradm+Radr)/2)

Radrti=SGN(Radi)*SQR((Sradm-Radr)/2)

Radrtm=Radrtr*Radrtr+Radrti*Radrti

Iradrtpr=Radrtr/Radrtm
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Iradrtpi=-Radrti/Radrtm

Tr=Radr/Radm

Ti=-Radi/Radm

Dnr=1+Radr

Dni=Radi

Dnm=Dnr*Dnr+Dni*Dni

Nmr=Dnr/Dnm

Nmi=-Dni/Dnm

Argr=Wr*Nmr-Wi*Nmi

Argi=Wr*Nmi+Wi*Nmr

CALL Prinlogz(Argr,Argi,Lgr,Lgi)

Etapr=Radr+Lgr

Etapi=Radi+Lgi

CALL Uk(Tr,Ti,Trms,A(¥),T(*),U(*))

Dumpr=0

Dumpi=0

Nufac=-Nup

FOR I=1 TO Trms
Nufac=-Nufac/Nup
Dumpr=Dumpr+U(l,1)*Nufac
Dumpi=Dumpi+U(1,2)*Nufac

NEXT1

Sumr=Dumr*Dumpr-Dumi*Dumpi
Sumi=Dumr*Dumpi+Dumi*Dumpr
Radsr=Iradrtr*Iradrtpr-Iradrti*Iradrtpi
Radsi=Iradrtr*Iradrtpi+Iradrti*Iradrtpr
Dumprodr=(Sumr*Radsr-Sumi*Radsi)/(2*SQR(Nu*Nup))
Dumprodi=(Sumr*Radsi+Sumi*Radsr)/(2*SQR(Nu*Nup))
Etargr=Nu*Etar-Nup*Etapr
Etargi=Nu*Etai-Nup*Etapi

=EXP(Etargr)
Co=COS (Etargi)
Si=SIN(Etargi)
Ikprodr=E*(Dumprodr*Co-Dumprodi*Si)
Ikprodi=E*(Dumprodr*Si+Dumprodi*Co)
Cfr=2*SIN((Nu-Nup)*P1/2)/PI
Cfi=-2*COS((Nu-Nup)*P1/2)/PI
Prodr=Ikprodr*Cfr-Ikprodi*Cfi
Prodi=Ikprodr*Cfi+Ikprodi*Cfr

SUBEND

SUB UK(Tr,Ti,K,A(*),T(*),Uk(*))
!Functions used in the uniform asymptotic expansion of the Bessel

!functions for large orders. A(*) is a matrix generated by the

Iprogram Ukcoefs. T(*) and Uk(*) are output to the uniform asymp-

Itotic Bessel function routines.
T(1,1)=Tr
T(1,2)=Ti
FOR I=2 TO 3*K
T{d,1)=T{-1,1)*Tr-T(1-1,2)*Ti
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100 T{,2)=T(d-1,1)*Ti+T(-1,2)*Tr

110 NEXTI

120 Uk(1,1)=1

130  Uk(1,2)=0

140 FORI=2TOK

150 FORIJ=1TOI

160 Uk(I,D)=Uk,)+AII)*T(2*J+I-3,1)
170 Uk(1,2)=Uk(,2)+A1J)*T(2*J+1-3,2)
180 NEXT]J

190 NEXTI

200 SUBEND

10 SUB Ukcoefs(K,A(*))

20 IK is the maximum index value. A(*) is output to Uk.

30 A(L,1)=1

40 FORL=0TOK-2

50 AL+2,1)=AL+1,1)*(L/2+1/8/(L+1))

60 AL+2,L+2)=-AL+1,L+1)*(3*L/2+5/24/(L+1))

70 IF L>=1 THEN

80 FORM=1TOL

90 AL+2M+1D)=AL+1 M+1)*((L+2*M)/2+1/(8*(L+1+2*M)))
100 AL+2M+1)=AL+2,M+1)-AL+1M)*(L+2¥M-1))/2+5/(8*(L+1+2*M)))
110 NEXTM

120 ENDIF

130 NEXTL

140 SUBEND
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